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The Beginning
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Fundamental Questions

• How did the Universe begin?

• Why is the world the way it is?

• What is the fundamental explanation for space, time, and 
matter?

• Could it have been some other way?



How We Do Physics

Suppose you bicycle faster than light

What do you see?

Turn on the headlight of  your bicycle

A gedankenexperiment

This thought experiment brings 
Galileo and Maxwell into tension

• Interrogate a theory at its limits and test it against other 
theories

• Investigate the tensions



Special Relativity
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• Every observer measures the same speed of  light

• The Universe has a speed limit



Special Relativity
• Every observer measures the same speed of  light

• The Universe has a speed limit



Theories Beget Theories

Special Relativity

• By testing electromagnetism against Galilean mechanics, we 
arrive at the special theory of  relativity

Electromagnetism

add gravity
~F = �GNMm
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Theories Beget Theories
• By testing electromagnetism against Galilean mechanics, we 

arrive at the special theory of  relativity

• Let’s continue on this path

Special Relativity

General Relativity

Galilean Mechanics Newtonian Mechanics

Electromagnetism

add gravity
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Another gedankenexperiment

What happens if  the Sun 
suddenly disappeared?

Tension between Newton 
and Einstein

Verified from microns to cosmic scales

Force of  gravity is geometry

General Relativity



Theory Space

Electromagnetism Special Relativity

Thermodynamics

Quantum Mechanics

General Relativity

Quantum Field Theory

Galilean Mechanics Newtonian Mechanics



Quantum Field Theory

• To define a quantum field theory, we must specify the fields and 
how they interact
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• Electrons and positrons interact by exchanging photons, for example

• A field has a value at every point in spacetime

• Particles are local excitations of  these fields
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Quantum Field Theory

↵�1
exp = 137.035999139(31)

↵�1
th = 137.035999173(35)

• Fundamental forces are described by quantum field theory

electromagnetism 
weak force 
strong force 
Higgs effect

• Standard Model



• Gravity is a response to curvature, but we experience this as a force

• Matter couples to geometry via mass

• What happens if  we treat geometry as a quantum field?
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g

One Theory of  Physics



One Theory of  Physics
• Gravity is a response to curvature, but we experience this as a force

• Matter couples to geometry via mass

• What happens if  we treat geometry as a quantum field?
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• General relativity explains the dynamical response of  geometry to the 
presence of  matter or energy and conversely the dynamical response 
of  matter to the curvature of  spacetime

• In a quantum Universe, things fluctuate due to the uncertainty principle

• Because spacetime itself  fluctuates at the quantum level, 
one of  the central assumptions of  general relativity, that 
geometry is smooth, breaks down

• Quantum field theory is not the organizing principle
Image: Brian Greene

What Went Wrong?



Quantum Gravity

Special Relativity

Quantum Mechanics

General Relativity

Quantum Field Theory

Newtonian Mechanics

A New Hope



Bronstein’s Cube
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Masses attract
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Bronstein’s Cube

Newtonian 
Quantum Gravity
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Energy couples 
to geometry

fields INTERACT 
VIA GAUGE FORCES

Particles are 
field excitations

SPACETIME is 
dynamical



String Theory
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These are infinite
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These are finite

These are four dimensional These are ten dimensional

[To prove the consistency of  string theory we 
1X

n=1

n �! � 1

12
   use the remarkable fact that                       ]

Gravity as a QFT Gravity from String Theory

. . .

•  

Smearing

Xµ : ⌃ ! M
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Sigma model on the string worldsheet gives general relativity
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d=11 SUGRA

• String theory is in fact a web of  interconnected theories in ten (or 
eleven or twelve) dimensions

String Theory

• We experience only four dimensions. So how do we proceed?



The Forces of  Nature
• Gravitational interactions described by Einstein

Gµ⌫ := Rµ⌫ � 1

2
gµ⌫R+ ⇤gµ⌫ =
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electromagnetism 
weak force 
strong force 
Higgs effect

• Standard Model



The Forces of  Nature
• Gravitational interactions described by Einstein

Gµ⌫ := Rµ⌫ � 1

2
gµ⌫R+ ⇤gµ⌫ =
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• Non-gravitational interactions are not encoded as geometry

Theorem [Coleman–Mandula]: symmetry group in 4 dimensions is Poincaré x internal



The Forces of  Nature
• Gravitational interactions described by Einstein

Gµ⌫ := Rµ⌫ � 1

2
gµ⌫R+ ⇤gµ⌫ =

8⇡GN

c4
Tµ⌫

• Non-gravitational interactions are not encoded as geometry

Theorem [Coleman–Mandula]: symmetry group in 4 dimensions is Poincaré x internal

• Clever loophole: internal symmetries may arise from higher dimensional 
geometry

R1,3 ⇥ S1
<latexit sha1_base64="GipSi2xv7xzZSHmvU+mF38ekiJA=">AAACA3icbVDLSsNAFL2pr1pfUXe6GSyCCymJCrosunFZH31Ak5bJdNIOnTyYmQglBNz4K25cKOLWn3Dn3zhpu9DWAxcO59zLvfd4MWdSWda3UVhYXFpeKa6W1tY3NrfM7Z2GjBJBaJ1EPBItD0vKWUjriilOW7GgOPA4bXrDq9xvPlAhWRTeq1FM3QD3Q+YzgpWWuuaeE2A18Lz0Nuuk9vFp5igWUInuOnbXLFsVaww0T+wpKcMUta755fQikgQ0VIRjKdu2FSs3xUIxwmlWchJJY0yGuE/bmoZYL3LT8Q8ZOtRKD/mR0BUqNFZ/T6Q4kHIUeLozv1jOern4n9dOlH/hpiyME0VDMlnkJxypCOWBoB4TlCg+0gQTwfStiAywwETp2Eo6BHv25XnSOKnYmt+clauX0ziKsA8HcAQ2nEMVrqEGdSDwCM/wCm/Gk/FivBsfk9aCMZ3ZhT8wPn8AIJWXKQ==</latexit><latexit sha1_base64="GipSi2xv7xzZSHmvU+mF38ekiJA=">AAACA3icbVDLSsNAFL2pr1pfUXe6GSyCCymJCrosunFZH31Ak5bJdNIOnTyYmQglBNz4K25cKOLWn3Dn3zhpu9DWAxcO59zLvfd4MWdSWda3UVhYXFpeKa6W1tY3NrfM7Z2GjBJBaJ1EPBItD0vKWUjriilOW7GgOPA4bXrDq9xvPlAhWRTeq1FM3QD3Q+YzgpWWuuaeE2A18Lz0Nuuk9vFp5igWUInuOnbXLFsVaww0T+wpKcMUta755fQikgQ0VIRjKdu2FSs3xUIxwmlWchJJY0yGuE/bmoZYL3LT8Q8ZOtRKD/mR0BUqNFZ/T6Q4kHIUeLozv1jOern4n9dOlH/hpiyME0VDMlnkJxypCOWBoB4TlCg+0gQTwfStiAywwETp2Eo6BHv25XnSOKnYmt+clauX0ziKsA8HcAQ2nEMVrqEGdSDwCM/wCm/Gk/FivBsfk9aCMZ3ZhT8wPn8AIJWXKQ==</latexit><latexit sha1_base64="GipSi2xv7xzZSHmvU+mF38ekiJA=">AAACA3icbVDLSsNAFL2pr1pfUXe6GSyCCymJCrosunFZH31Ak5bJdNIOnTyYmQglBNz4K25cKOLWn3Dn3zhpu9DWAxcO59zLvfd4MWdSWda3UVhYXFpeKa6W1tY3NrfM7Z2GjBJBaJ1EPBItD0vKWUjriilOW7GgOPA4bXrDq9xvPlAhWRTeq1FM3QD3Q+YzgpWWuuaeE2A18Lz0Nuuk9vFp5igWUInuOnbXLFsVaww0T+wpKcMUta755fQikgQ0VIRjKdu2FSs3xUIxwmlWchJJY0yGuE/bmoZYL3LT8Q8ZOtRKD/mR0BUqNFZ/T6Q4kHIUeLozv1jOern4n9dOlH/hpiyME0VDMlnkJxypCOWBoB4TlCg+0gQTwfStiAywwETp2Eo6BHv25XnSOKnYmt+clauX0ziKsA8HcAQ2nEMVrqEGdSDwCM/wCm/Gk/FivBsfk9aCMZ3ZhT8wPn8AIJWXKQ==</latexit><latexit sha1_base64="GipSi2xv7xzZSHmvU+mF38ekiJA=">AAACA3icbVDLSsNAFL2pr1pfUXe6GSyCCymJCrosunFZH31Ak5bJdNIOnTyYmQglBNz4K25cKOLWn3Dn3zhpu9DWAxcO59zLvfd4MWdSWda3UVhYXFpeKa6W1tY3NrfM7Z2GjBJBaJ1EPBItD0vKWUjriilOW7GgOPA4bXrDq9xvPlAhWRTeq1FM3QD3Q+YzgpWWuuaeE2A18Lz0Nuuk9vFp5igWUInuOnbXLFsVaww0T+wpKcMUta755fQikgQ0VIRjKdu2FSs3xUIxwmlWchJJY0yGuE/bmoZYL3LT8Q8ZOtRKD/mR0BUqNFZ/T6Q4kHIUeLozv1jOern4n9dOlH/hpiyME0VDMlnkJxypCOWBoB4TlCg+0gQTwfStiAywwETp2Eo6BHv25XnSOKnYmt+clauX0ziKsA8HcAQ2nEMVrqEGdSDwCM/wCm/Gk/FivBsfk9aCMZ3ZhT8wPn8AIJWXKQ==</latexit>

Kaluza–Klein: 5d Einstein equations give 4d Einstein + Maxwell equations



• Higher dimensional objects in string theory (branes) on which QFTs live

Geometric Engineering

• Ten dimensional theory is consistent

• Ansatz for the geometry is M10 = R1,3 ⇥ CY3
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• Properties of  Calabi–Yau determine physics in four dimensions

Example:                       in simplest heterotic compactification modelsNg =
1

2
|�|
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Candelas, Horowitz, Strominger, Witten (1985) 
Greene, Kirklin, Miron, Ross (1986)



Geometric Engineering

• Ten dimensional theory is consistent

• Ansatz for the geometry is M10 = R1,3 ⇥ CY3
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• Properties of  Calabi–Yau determine physics in four dimensions

Example:                       in simplest heterotic compactification modelsNg =
1

2
|�|
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Candelas, Horowitz, Strominger, Witten (1985) 
Greene, Kirklin, Miron, Ross (1986)

• Higher dimensional objects in string theory (branes) on which QFTs live



The Real World

• String theory supplies a framework for quantum gravity

• Finding our universe among the myriad of  possible consistent realizations of  
a four dimensional low-energy limit of  string theory is the vacuum 
selection problem

• Among the landscape of  possibilities, we do not have even one solution that 
reproduces all the particle physics and cosmology we know

• Most vacua are false in that they do not resemble Nature at all

• We are beginning to understand black holes and holography

• String theory is also an organizing principle for mathematics



• The objective is to obtain the real world from a string compactification

• We would happily settle for a modestly unreal world

Matter in chiral representations of      :   
 

                         Superpotential 

Three copies of  matter such that       not identical

Consistent with cosmology

G = SU(3)C ⇥ SU(2)L ⇥ U(1)Y

G

�ij

(3,2) 1
6
, (3,1)� 2

3
, (3,1) 1

3
, (1,2)± 1

2
, (1,1)1, (1,1)0
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N = 1        supersymmetry in 4 dimensions

The Unreal World
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• The objective is to obtain the real world from a string compactification

• We would happily settle for a modestly unreal world

Q|�i ⇠ |�± 1

2
i
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        supersymmetry in 4 dimensionsN = 1

The Unreal World

+

No experimental evidence so far!
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mH ⌧ mP



• The objective is to obtain the real world from a string compactification

• We would happily settle for a modestly unreal world

        supersymmetry in 4 dimensionsN = 1

The Unreal World

Because it is Ricci flat, the 
Calabi–Yau geometry ensures 
4d supersymmetry

Use topological and geometric 
features of  the Calabi–Yau to 
recover aspects of  the real world



Predicting a Calabi-Yau's 

Topological Invariants  



Calabi–Yau

Mee (2013)

w4 + x4 + y4 + z4 = 0 ⇢ P3
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Calabi–Yau

There is a nowhere vanishing holomorphic    -formn

The canonical bundle is trivial

There is a Kähler metric with holonomy in SU(n)

Mee (2012)Mee (2012)

u5 + v5 + x5 + y5 + z5 = 0 ⇢ P4
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Reflexive Polytopes
• Starting from a reflexive polytope, one can build a toric Calabi–Yau via 

methods of  Batyrev, Borisov

there is a single interior lattice point

convex hull of  finitely many lattice points



Reflexive Polytopes Catalogued
• Starting from a reflexive polytope, one can build a toric Calabi–Yau via 

methods of  Batyrev, Borisov

• Kreuzer–Skarke obtained 473,800,776 reflexive polytopes that yield toric 
Calabi–Yau threefolds with 30,108 unique pairs of  Hodge numbers

|

h1,1 � h1,2

• Distribution of  polytopes exhibits 
mirror symmetry

h1,1 + h1,2



Reflexive Polytopes Catalogued
• Starting from a reflexive polytope, one can build a toric Calabi–Yau via 

methods of  Batyrev, Borisov

• Kreuzer–Skarke obtained 473,800,776 reflexive polytopes that yield toric 
Calabi–Yau threefolds with 30,108 unique pairs of  Hodge numbers

|

h1,1 � h1,2

• Distribution of  polytopes exhibits 
mirror symmetry

• The peak of  the distribution is at 
(h1,1, h1,2) = (27, 27)

There are 910,113 such polytopes

• Are there patterns in how the 
topological invariants are distributed?

h1,1 + h1,2



Flat, but has non-trivial homotopy

There are non-contractible cycles

a�cycle

b�cycle

x = Re z

y = Im z

⌧ =
R2

R1
ei✓

ds2 = R2
1dx

2 +R2
2dy

2 + 2R1R2 cos ✓dx dy

A = R1R2 sin ✓

Kähler parameter: area

complex structure parameter:

A

⌧

size

shape

Torus



1
0 0

0 h1,1 0
1 h1,2 h2,1 1

0 h2,2 0
0 0

1

h
p,q = dim H

p,q

bk = dim H
k =

X

p+q=k

h
p,q

h1,1 = b2 Kähler moduli, counts the number of  two-cycles and four-cycles

complex structure moduli, counts the number of  three-cycles

b0

b1

b2

b3

b4

b5

b6

Moduli of  CY3

• Geometrical moduli enumerated by number of  embedded two-spheres and 
three-spheres

• Mirror symmetry says that we can rotate the Hodge diamond by π/2 
and get a new Calabi–Yau with 

h1,2 =
b3
2

� 1
<latexit sha1_base64="MhKptC0ah5VjnMiw+lyVRsPFLeg=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBhZZJFXQjFN24rGAf0I5DJs20oZnMkGSEMgy48VfcuFDErT/hzr8xbWehrQcunJxzL7n3+DFnSjvOt1VYWFxaXimultbWNza37O2dpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb84fXYbz1QqVgk7vQopm6I+4IFjGBtJM/eG9yn6LiawUvYDSQmqe+dZql5nyDPLjsVZwI4T1BOyiBH3bO/ur2IJCEVmnCsVAc5sXZTLDUjnGalbqJojMkQ92nHUIFDqtx0ckMGD43Sg0EkTQkNJ+rviRSHSo1C33SGWA/UrDcW//M6iQ4u3JSJONFUkOlHQcKhjuA4ENhjkhLNR4ZgIpnZFZIBNlFoE1vJhIBmT54nzWoFORV0e1auXeVxFME+OABHAIFzUAM3oA4agIBH8AxewZv1ZL1Y79bHtLVg5TO74A+szx9S1pYF</latexit><latexit sha1_base64="MhKptC0ah5VjnMiw+lyVRsPFLeg=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBhZZJFXQjFN24rGAf0I5DJs20oZnMkGSEMgy48VfcuFDErT/hzr8xbWehrQcunJxzL7n3+DFnSjvOt1VYWFxaXimultbWNza37O2dpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb84fXYbz1QqVgk7vQopm6I+4IFjGBtJM/eG9yn6LiawUvYDSQmqe+dZql5nyDPLjsVZwI4T1BOyiBH3bO/ur2IJCEVmnCsVAc5sXZTLDUjnGalbqJojMkQ92nHUIFDqtx0ckMGD43Sg0EkTQkNJ+rviRSHSo1C33SGWA/UrDcW//M6iQ4u3JSJONFUkOlHQcKhjuA4ENhjkhLNR4ZgIpnZFZIBNlFoE1vJhIBmT54nzWoFORV0e1auXeVxFME+OABHAIFzUAM3oA4agIBH8AxewZv1ZL1Y79bHtLVg5TO74A+szx9S1pYF</latexit><latexit sha1_base64="MhKptC0ah5VjnMiw+lyVRsPFLeg=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBhZZJFXQjFN24rGAf0I5DJs20oZnMkGSEMgy48VfcuFDErT/hzr8xbWehrQcunJxzL7n3+DFnSjvOt1VYWFxaXimultbWNza37O2dpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb84fXYbz1QqVgk7vQopm6I+4IFjGBtJM/eG9yn6LiawUvYDSQmqe+dZql5nyDPLjsVZwI4T1BOyiBH3bO/ur2IJCEVmnCsVAc5sXZTLDUjnGalbqJojMkQ92nHUIFDqtx0ckMGD43Sg0EkTQkNJ+rviRSHSo1C33SGWA/UrDcW//M6iQ4u3JSJONFUkOlHQcKhjuA4ENhjkhLNR4ZgIpnZFZIBNlFoE1vJhIBmT54nzWoFORV0e1auXeVxFME+OABHAIFzUAM3oA4agIBH8AxewZv1ZL1Y79bHtLVg5TO74A+szx9S1pYF</latexit><latexit sha1_base64="MhKptC0ah5VjnMiw+lyVRsPFLeg=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBhZZJFXQjFN24rGAf0I5DJs20oZnMkGSEMgy48VfcuFDErT/hzr8xbWehrQcunJxzL7n3+DFnSjvOt1VYWFxaXimultbWNza37O2dpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb84fXYbz1QqVgk7vQopm6I+4IFjGBtJM/eG9yn6LiawUvYDSQmqe+dZql5nyDPLjsVZwI4T1BOyiBH3bO/ur2IJCEVmnCsVAc5sXZTLDUjnGalbqJojMkQ92nHUIFDqtx0ckMGD43Sg0EkTQkNJ+rviRSHSo1C33SGWA/UrDcW//M6iQ4u3JSJONFUkOlHQcKhjuA4ENhjkhLNR4ZgIpnZFZIBNlFoE1vJhIBmT54nzWoFORV0e1auXeVxFME+OABHAIFzUAM3oA4agIBH8AxewZv1ZL1Y79bHtLVg5TO74A+szx9S1pYF</latexit>

h1,1 $ h1,2
<latexit sha1_base64="pL37i76rEYO+JKnC3e194mrmsRg=">AAACCXicdZDLSgMxFIYzXmu9VV26CRbBhZTJWNq6K7pxWcFeoK0lk2ba0MyF5IxShm7d+CpuXCji1jdw59uYaSuo6A+Bn++cw8n53UgKDbb9YS0sLi2vrGbWsusbm1vbuZ3dhg5jxXidhTJULZdqLkXA6yBA8lakOPVdyZvu6DytN2+40iIMrmAc8a5PB4HwBKNgUC+Hh9cJOSYT3JHcAyUGQ6BKhbcz7kxwL5e3C6eVklMsYbtg22XikNQ45eJJERNDUuXRXLVe7r3TD1ns8wCYpFq3iR1BN6EKBJN8ku3EmkeUjeiAt40NqM91N5leMsGHhvSxFyrzAsBT+n0iob7WY981nT6Fof5dS+FftXYMXqWbiCCKgQdstsiLJYYQp7HgvlCcgRwbQ5kS5q+YDamiDEx4WRPC16X4f9NwCsQukMtivno2jyOD9tEBOkIElVEVXaAaqiOG7tADekLP1r31aL1Yr7PWBWs+s4d+yHr7BFOzmXY=</latexit><latexit sha1_base64="pL37i76rEYO+JKnC3e194mrmsRg=">AAACCXicdZDLSgMxFIYzXmu9VV26CRbBhZTJWNq6K7pxWcFeoK0lk2ba0MyF5IxShm7d+CpuXCji1jdw59uYaSuo6A+Bn++cw8n53UgKDbb9YS0sLi2vrGbWsusbm1vbuZ3dhg5jxXidhTJULZdqLkXA6yBA8lakOPVdyZvu6DytN2+40iIMrmAc8a5PB4HwBKNgUC+Hh9cJOSYT3JHcAyUGQ6BKhbcz7kxwL5e3C6eVklMsYbtg22XikNQ45eJJERNDUuXRXLVe7r3TD1ns8wCYpFq3iR1BN6EKBJN8ku3EmkeUjeiAt40NqM91N5leMsGHhvSxFyrzAsBT+n0iob7WY981nT6Fof5dS+FftXYMXqWbiCCKgQdstsiLJYYQp7HgvlCcgRwbQ5kS5q+YDamiDEx4WRPC16X4f9NwCsQukMtivno2jyOD9tEBOkIElVEVXaAaqiOG7tADekLP1r31aL1Yr7PWBWs+s4d+yHr7BFOzmXY=</latexit><latexit sha1_base64="pL37i76rEYO+JKnC3e194mrmsRg=">AAACCXicdZDLSgMxFIYzXmu9VV26CRbBhZTJWNq6K7pxWcFeoK0lk2ba0MyF5IxShm7d+CpuXCji1jdw59uYaSuo6A+Bn++cw8n53UgKDbb9YS0sLi2vrGbWsusbm1vbuZ3dhg5jxXidhTJULZdqLkXA6yBA8lakOPVdyZvu6DytN2+40iIMrmAc8a5PB4HwBKNgUC+Hh9cJOSYT3JHcAyUGQ6BKhbcz7kxwL5e3C6eVklMsYbtg22XikNQ45eJJERNDUuXRXLVe7r3TD1ns8wCYpFq3iR1BN6EKBJN8ku3EmkeUjeiAt40NqM91N5leMsGHhvSxFyrzAsBT+n0iob7WY981nT6Fof5dS+FftXYMXqWbiCCKgQdstsiLJYYQp7HgvlCcgRwbQ5kS5q+YDamiDEx4WRPC16X4f9NwCsQukMtivno2jyOD9tEBOkIElVEVXaAaqiOG7tADekLP1r31aL1Yr7PWBWs+s4d+yHr7BFOzmXY=</latexit><latexit sha1_base64="pL37i76rEYO+JKnC3e194mrmsRg=">AAACCXicdZDLSgMxFIYzXmu9VV26CRbBhZTJWNq6K7pxWcFeoK0lk2ba0MyF5IxShm7d+CpuXCji1jdw59uYaSuo6A+Bn++cw8n53UgKDbb9YS0sLi2vrGbWsusbm1vbuZ3dhg5jxXidhTJULZdqLkXA6yBA8lakOPVdyZvu6DytN2+40iIMrmAc8a5PB4HwBKNgUC+Hh9cJOSYT3JHcAyUGQ6BKhbcz7kxwL5e3C6eVklMsYbtg22XikNQ45eJJERNDUuXRXLVe7r3TD1ns8wCYpFq3iR1BN6EKBJN8ku3EmkeUjeiAt40NqM91N5leMsGHhvSxFyrzAsBT+n0iob7WY981nT6Fof5dS+FftXYMXqWbiCCKgQdstsiLJYYQp7HgvlCcgRwbQ5kS5q+YDamiDEx4WRPC16X4f9NwCsQukMtivno2jyOD9tEBOkIElVEVXaAaqiOG7tADekLP1r31aL1Yr7PWBWs+s4d+yHr7BFOzmXY=</latexit>

hp,q = hq,p
<latexit sha1_base64="d9pcTAmJc523YxXfo4Mu3Ous/G8=">AAAB+nicdZDLSgMxFIYz9VbrbapLN8EiuCglKWLbhVB047KCvUAdSyZN29DMpUlGKeM8ihsXirj1Sdz5NmbaCip6IPDx/+dwTn43FFxphD6szNLyyupadj23sbm1vWPnd1sqiCRlTRqIQHZcopjgPmtqrgXrhJIRzxWs7Y7PU799y6TigX+lpyFzPDL0+YBToo3Us/OjmzgsThJ4Cg1NimHSswuohBDCGMMUcOUEGajVqmVchTi1TBXAoho9+/26H9DIY76mgijVxSjUTkyk5lSwJHcdKRYSOiZD1jXoE48pJ56dnsBDo/ThIJDm+RrO1O8TMfGUmnqu6fSIHqnfXir+5XUjPag6MffDSDOfzhcNIgF1ANMcYJ9LRrWYGiBUcnMrpCMiCdUmrZwJ4eun8H9olUsYlfDlcaF+togjC/bBATgCGFRAHVyABmgCCu7AA3gCz9a99Wi9WK/z1oy1mNkDP8p6+wSqYJOe</latexit><latexit sha1_base64="d9pcTAmJc523YxXfo4Mu3Ous/G8=">AAAB+nicdZDLSgMxFIYz9VbrbapLN8EiuCglKWLbhVB047KCvUAdSyZN29DMpUlGKeM8ihsXirj1Sdz5NmbaCip6IPDx/+dwTn43FFxphD6szNLyyupadj23sbm1vWPnd1sqiCRlTRqIQHZcopjgPmtqrgXrhJIRzxWs7Y7PU799y6TigX+lpyFzPDL0+YBToo3Us/OjmzgsThJ4Cg1NimHSswuohBDCGMMUcOUEGajVqmVchTi1TBXAoho9+/26H9DIY76mgijVxSjUTkyk5lSwJHcdKRYSOiZD1jXoE48pJ56dnsBDo/ThIJDm+RrO1O8TMfGUmnqu6fSIHqnfXir+5XUjPag6MffDSDOfzhcNIgF1ANMcYJ9LRrWYGiBUcnMrpCMiCdUmrZwJ4eun8H9olUsYlfDlcaF+togjC/bBATgCGFRAHVyABmgCCu7AA3gCz9a99Wi9WK/z1oy1mNkDP8p6+wSqYJOe</latexit><latexit sha1_base64="d9pcTAmJc523YxXfo4Mu3Ous/G8=">AAAB+nicdZDLSgMxFIYz9VbrbapLN8EiuCglKWLbhVB047KCvUAdSyZN29DMpUlGKeM8ihsXirj1Sdz5NmbaCip6IPDx/+dwTn43FFxphD6szNLyyupadj23sbm1vWPnd1sqiCRlTRqIQHZcopjgPmtqrgXrhJIRzxWs7Y7PU799y6TigX+lpyFzPDL0+YBToo3Us/OjmzgsThJ4Cg1NimHSswuohBDCGMMUcOUEGajVqmVchTi1TBXAoho9+/26H9DIY76mgijVxSjUTkyk5lSwJHcdKRYSOiZD1jXoE48pJ56dnsBDo/ThIJDm+RrO1O8TMfGUmnqu6fSIHqnfXir+5XUjPag6MffDSDOfzhcNIgF1ANMcYJ9LRrWYGiBUcnMrpCMiCdUmrZwJ4eun8H9olUsYlfDlcaF+togjC/bBATgCGFRAHVyABmgCCu7AA3gCz9a99Wi9WK/z1oy1mNkDP8p6+wSqYJOe</latexit><latexit sha1_base64="d9pcTAmJc523YxXfo4Mu3Ous/G8=">AAAB+nicdZDLSgMxFIYz9VbrbapLN8EiuCglKWLbhVB047KCvUAdSyZN29DMpUlGKeM8ihsXirj1Sdz5NmbaCip6IPDx/+dwTn43FFxphD6szNLyyupadj23sbm1vWPnd1sqiCRlTRqIQHZcopjgPmtqrgXrhJIRzxWs7Y7PU799y6TigX+lpyFzPDL0+YBToo3Us/OjmzgsThJ4Cg1NimHSswuohBDCGMMUcOUEGajVqmVchTi1TBXAoho9+/26H9DIY76mgijVxSjUTkyk5lSwJHcdKRYSOiZD1jXoE48pJ56dnsBDo/ThIJDm+RrO1O8TMfGUmnqu6fSIHqnfXir+5XUjPag6MffDSDOfzhcNIgF1ANMcYJ9LRrWYGiBUcnMrpCMiCdUmrZwJ4eun8H9olUsYlfDlcaF+togjC/bBATgCGFRAHVyABmgCCu7AA3gCz9a99Wi9WK/z1oy1mNkDP8p6+wSqYJOe</latexit>

hp,q = hn�p,n�q
<latexit sha1_base64="GgqGJGFtNlfcd+wVHMnkYv3Mdj8=">AAAB/nicdZDLSgMxFIYz9VbrrSqu3ASL4KItSRHbLoSiG5cV7AXaWjJp2oZmMtMkI5Sh4Ku4caGIW5/DnW9jpq2gogcCH/9/DufkdwPBtUHow0ksLa+sriXXUxubW9s76d29uvZDRVmN+sJXTZdoJrhkNcONYM1AMeK5gjXc0WXsN+6Y0tyXN2YSsI5HBpL3OSXGSt30wfA2CrLjKTyHlmQuyMrceNpNZ1AeIYQxhjHg4hmyUC6XCrgEcWzZyoBFVbvp93bPp6HHpKGCaN3CKDCdiCjDqWDTVDvULCB0RAasZVESj+lONDt/Co+t0oN9X9knDZyp3yci4mk98Vzb6REz1L+9WPzLa4WmX+pEXAahYZLOF/VDAY0P4yxgjytGjZhYIFRxeyukQ6IINTaxlA3h66fwf6gX8hjl8fVppnKxiCMJDsEROAEYFEEFXIEqqAEKIvAAnsCzc+88Oi/O67w14Sxm9sGPct4+AS4LlPw=</latexit><latexit sha1_base64="GgqGJGFtNlfcd+wVHMnkYv3Mdj8=">AAAB/nicdZDLSgMxFIYz9VbrrSqu3ASL4KItSRHbLoSiG5cV7AXaWjJp2oZmMtMkI5Sh4Ku4caGIW5/DnW9jpq2gogcCH/9/DufkdwPBtUHow0ksLa+sriXXUxubW9s76d29uvZDRVmN+sJXTZdoJrhkNcONYM1AMeK5gjXc0WXsN+6Y0tyXN2YSsI5HBpL3OSXGSt30wfA2CrLjKTyHlmQuyMrceNpNZ1AeIYQxhjHg4hmyUC6XCrgEcWzZyoBFVbvp93bPp6HHpKGCaN3CKDCdiCjDqWDTVDvULCB0RAasZVESj+lONDt/Co+t0oN9X9knDZyp3yci4mk98Vzb6REz1L+9WPzLa4WmX+pEXAahYZLOF/VDAY0P4yxgjytGjZhYIFRxeyukQ6IINTaxlA3h66fwf6gX8hjl8fVppnKxiCMJDsEROAEYFEEFXIEqqAEKIvAAnsCzc+88Oi/O67w14Sxm9sGPct4+AS4LlPw=</latexit><latexit sha1_base64="GgqGJGFtNlfcd+wVHMnkYv3Mdj8=">AAAB/nicdZDLSgMxFIYz9VbrrSqu3ASL4KItSRHbLoSiG5cV7AXaWjJp2oZmMtMkI5Sh4Ku4caGIW5/DnW9jpq2gogcCH/9/DufkdwPBtUHow0ksLa+sriXXUxubW9s76d29uvZDRVmN+sJXTZdoJrhkNcONYM1AMeK5gjXc0WXsN+6Y0tyXN2YSsI5HBpL3OSXGSt30wfA2CrLjKTyHlmQuyMrceNpNZ1AeIYQxhjHg4hmyUC6XCrgEcWzZyoBFVbvp93bPp6HHpKGCaN3CKDCdiCjDqWDTVDvULCB0RAasZVESj+lONDt/Co+t0oN9X9knDZyp3yci4mk98Vzb6REz1L+9WPzLa4WmX+pEXAahYZLOF/VDAY0P4yxgjytGjZhYIFRxeyukQ6IINTaxlA3h66fwf6gX8hjl8fVppnKxiCMJDsEROAEYFEEFXIEqqAEKIvAAnsCzc+88Oi/O67w14Sxm9sGPct4+AS4LlPw=</latexit><latexit sha1_base64="GgqGJGFtNlfcd+wVHMnkYv3Mdj8=">AAAB/nicdZDLSgMxFIYz9VbrrSqu3ASL4KItSRHbLoSiG5cV7AXaWjJp2oZmMtMkI5Sh4Ku4caGIW5/DnW9jpq2gogcCH/9/DufkdwPBtUHow0ksLa+sriXXUxubW9s76d29uvZDRVmN+sJXTZdoJrhkNcONYM1AMeK5gjXc0WXsN+6Y0tyXN2YSsI5HBpL3OSXGSt30wfA2CrLjKTyHlmQuyMrceNpNZ1AeIYQxhjHg4hmyUC6XCrgEcWzZyoBFVbvp93bPp6HHpKGCaN3CKDCdiCjDqWDTVDvULCB0RAasZVESj+lONDt/Co+t0oN9X9knDZyp3yci4mk98Vzb6REz1L+9WPzLa4WmX+pEXAahYZLOF/VDAY0P4yxgjytGjZhYIFRxeyukQ6IINTaxlA3h66fwf6gX8hjl8fVppnKxiCMJDsEROAEYFEEFXIEqqAEKIvAAnsCzc+88Oi/O67w14Sxm9sGPct4+AS4LlPw=</latexit>

(complex conjugation)

(Poincaré duality)

� =
X

p,q

(�1)p+qhp,q

<latexit sha1_base64="gC0T1EC6sKyT3ZZ2hPawlCOpgPE="></latexit><latexit sha1_base64="gC0T1EC6sKyT3ZZ2hPawlCOpgPE="></latexit><latexit sha1_base64="gC0T1EC6sKyT3ZZ2hPawlCOpgPE="></latexit><latexit sha1_base64="gC0T1EC6sKyT3ZZ2hPawlCOpgPE="></latexit>

� = 2(h1,1 � h1,2)
<latexit sha1_base64="Y7i81bL3fMAEzY2ijjjDaaYhh4o=">AAACAnicbVDLSgMxFM34rPU16krcBItQQcukCLoRim5cVrAPaMeSSTNtaCYzJBmhDIMbf8WNC0Xc+hXu/BvT6Sy09cDlHs65l+QeL+JMacf5thYWl5ZXVgtrxfWNza1te2e3qcJYEtogIQ9l28OKciZoQzPNaTuSFAcepy1vdD3xWw9UKhaKOz2OqBvggWA+I1gbqWfvd8mQwUtYLQ/vE3SC0tOsV9Pjnl1yKk4GOE9QTkogR71nf3X7IYkDKjThWKkOciLtJlhqRjhNi91Y0QiTER7QjqECB1S5SXZCCo+M0od+KE0JDTP190aCA6XGgWcmA6yHatabiP95nVj7F27CRBRrKsj0IT/mUIdwkgfsM0mJ5mNDMJHM/BWSIZaYaJNa0YSAZk+eJ81qBTkVdHtWql3lcRTAATgEZYDAOaiBG1AHDUDAI3gGr+DNerJerHfrYzq6YOU7e+APrM8fmS6U+w==</latexit><latexit sha1_base64="Y7i81bL3fMAEzY2ijjjDaaYhh4o=">AAACAnicbVDLSgMxFM34rPU16krcBItQQcukCLoRim5cVrAPaMeSSTNtaCYzJBmhDIMbf8WNC0Xc+hXu/BvT6Sy09cDlHs65l+QeL+JMacf5thYWl5ZXVgtrxfWNza1te2e3qcJYEtogIQ9l28OKciZoQzPNaTuSFAcepy1vdD3xWw9UKhaKOz2OqBvggWA+I1gbqWfvd8mQwUtYLQ/vE3SC0tOsV9Pjnl1yKk4GOE9QTkogR71nf3X7IYkDKjThWKkOciLtJlhqRjhNi91Y0QiTER7QjqECB1S5SXZCCo+M0od+KE0JDTP190aCA6XGgWcmA6yHatabiP95nVj7F27CRBRrKsj0IT/mUIdwkgfsM0mJ5mNDMJHM/BWSIZaYaJNa0YSAZk+eJ81qBTkVdHtWql3lcRTAATgEZYDAOaiBG1AHDUDAI3gGr+DNerJerHfrYzq6YOU7e+APrM8fmS6U+w==</latexit><latexit sha1_base64="Y7i81bL3fMAEzY2ijjjDaaYhh4o=">AAACAnicbVDLSgMxFM34rPU16krcBItQQcukCLoRim5cVrAPaMeSSTNtaCYzJBmhDIMbf8WNC0Xc+hXu/BvT6Sy09cDlHs65l+QeL+JMacf5thYWl5ZXVgtrxfWNza1te2e3qcJYEtogIQ9l28OKciZoQzPNaTuSFAcepy1vdD3xWw9UKhaKOz2OqBvggWA+I1gbqWfvd8mQwUtYLQ/vE3SC0tOsV9Pjnl1yKk4GOE9QTkogR71nf3X7IYkDKjThWKkOciLtJlhqRjhNi91Y0QiTER7QjqECB1S5SXZCCo+M0od+KE0JDTP190aCA6XGgWcmA6yHatabiP95nVj7F27CRBRrKsj0IT/mUIdwkgfsM0mJ5mNDMJHM/BWSIZaYaJNa0YSAZk+eJ81qBTkVdHtWql3lcRTAATgEZYDAOaiBG1AHDUDAI3gGr+DNerJerHfrYzq6YOU7e+APrM8fmS6U+w==</latexit><latexit sha1_base64="Y7i81bL3fMAEzY2ijjjDaaYhh4o=">AAACAnicbVDLSgMxFM34rPU16krcBItQQcukCLoRim5cVrAPaMeSSTNtaCYzJBmhDIMbf8WNC0Xc+hXu/BvT6Sy09cDlHs65l+QeL+JMacf5thYWl5ZXVgtrxfWNza1te2e3qcJYEtogIQ9l28OKciZoQzPNaTuSFAcepy1vdD3xWw9UKhaKOz2OqBvggWA+I1gbqWfvd8mQwUtYLQ/vE3SC0tOsV9Pjnl1yKk4GOE9QTkogR71nf3X7IYkDKjThWKkOciLtJlhqRjhNi91Y0QiTER7QjqECB1S5SXZCCo+M0od+KE0JDTP190aCA6XGgWcmA6yHatabiP95nVj7F27CRBRrKsj0IT/mUIdwkgfsM0mJ5mNDMJHM/BWSIZaYaJNa0YSAZk+eJ81qBTkVdHtWql3lcRTAATgEZYDAOaiBG1AHDUDAI3gGr+DNerJerHfrYzq6YOU7e+APrM8fmS6U+w==</latexit>

Euler characteristic, Ng =
1

2
|�|

<latexit sha1_base64="f9M0Aza+3NeZKXTe1fTRg316yeo=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUmKoBuh6MaVVLAPaEKYTCft0MmDmYkQ0vorblwo4tYPceffOG2z0NYDFw7n3Mu99/gJZ1JZ1rdRWlvf2Nwqb1d2dvf2D8zDo46MU0Fom8Q8Fj0fS8pZRNuKKU57iaA49Dnt+uObmd99pEKyOHpQWULdEA8jFjCClZY8s3rnDdEVcgKBid2YOGTEJp5Zs+rWHGiV2AWpQYGWZ345g5ikIY0U4VjKvm0lys2xUIxwOq04qaQJJmM8pH1NIxxS6ebz46foVCsDFMRCV6TQXP09keNQyiz0dWeI1UguezPxP6+fquDSzVmUpIpGZLEoSDlSMZolgQZMUKJ4pgkmgulbERlhnYPSeVV0CPbyy6uk06jbVt2+P681r4s4ynAMJ3AGNlxAE26hBW0gkMEzvMKb8WS8GO/Gx6K1ZBQzVfgD4/MHP9CT3Q==</latexit><latexit sha1_base64="f9M0Aza+3NeZKXTe1fTRg316yeo=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUmKoBuh6MaVVLAPaEKYTCft0MmDmYkQ0vorblwo4tYPceffOG2z0NYDFw7n3Mu99/gJZ1JZ1rdRWlvf2Nwqb1d2dvf2D8zDo46MU0Fom8Q8Fj0fS8pZRNuKKU57iaA49Dnt+uObmd99pEKyOHpQWULdEA8jFjCClZY8s3rnDdEVcgKBid2YOGTEJp5Zs+rWHGiV2AWpQYGWZ345g5ikIY0U4VjKvm0lys2xUIxwOq04qaQJJmM8pH1NIxxS6ebz46foVCsDFMRCV6TQXP09keNQyiz0dWeI1UguezPxP6+fquDSzVmUpIpGZLEoSDlSMZolgQZMUKJ4pgkmgulbERlhnYPSeVV0CPbyy6uk06jbVt2+P681r4s4ynAMJ3AGNlxAE26hBW0gkMEzvMKb8WS8GO/Gx6K1ZBQzVfgD4/MHP9CT3Q==</latexit><latexit sha1_base64="f9M0Aza+3NeZKXTe1fTRg316yeo=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUmKoBuh6MaVVLAPaEKYTCft0MmDmYkQ0vorblwo4tYPceffOG2z0NYDFw7n3Mu99/gJZ1JZ1rdRWlvf2Nwqb1d2dvf2D8zDo46MU0Fom8Q8Fj0fS8pZRNuKKU57iaA49Dnt+uObmd99pEKyOHpQWULdEA8jFjCClZY8s3rnDdEVcgKBid2YOGTEJp5Zs+rWHGiV2AWpQYGWZ345g5ikIY0U4VjKvm0lys2xUIxwOq04qaQJJmM8pH1NIxxS6ebz46foVCsDFMRCV6TQXP09keNQyiz0dWeI1UguezPxP6+fquDSzVmUpIpGZLEoSDlSMZolgQZMUKJ4pgkmgulbERlhnYPSeVV0CPbyy6uk06jbVt2+P681r4s4ynAMJ3AGNlxAE26hBW0gkMEzvMKb8WS8GO/Gx6K1ZBQzVfgD4/MHP9CT3Q==</latexit><latexit sha1_base64="f9M0Aza+3NeZKXTe1fTRg316yeo=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUmKoBuh6MaVVLAPaEKYTCft0MmDmYkQ0vorblwo4tYPceffOG2z0NYDFw7n3Mu99/gJZ1JZ1rdRWlvf2Nwqb1d2dvf2D8zDo46MU0Fom8Q8Fj0fS8pZRNuKKU57iaA49Dnt+uObmd99pEKyOHpQWULdEA8jFjCClZY8s3rnDdEVcgKBid2YOGTEJp5Zs+rWHGiV2AWpQYGWZ345g5ikIY0U4VjKvm0lys2xUIxwOq04qaQJJmM8pH1NIxxS6ebz46foVCsDFMRCV6TQXP09keNQyiz0dWeI1UguezPxP6+fquDSzVmUpIpGZLEoSDlSMZolgQZMUKJ4pgkmgulbERlhnYPSeVV0CPbyy6uk06jbVt2+P681r4s4ynAMJ3AGNlxAE26hBW0gkMEzvMKb8WS8GO/Gx6K1ZBQzVfgD4/MHP9CT3Q==</latexit>



3d Plots of  Polytope Data
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Patterns in CY Distributions



Patterns in CY Distributions

He, VJ, Pontiggia (2015)

Planck distribution 

Pseudo-Voigt distribution 
sum of  Gaussian and Cauchy
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r = h1,1 + h1,2

q = h1,1 � h1,2



0-simplex 1-simplex 2-simplex 3-simplex ...

• Unique rings correspond to different Calabi–Yau geometries

• For each, we have topological data, intersection form, Kähler cone

From Polytopes to Geometries

 the union of  all simplices is 

P

 the intersection of  any pair is a (possibly empty) common face

P
• A triangulation of       is a partition into simplices such that:

• From triangulation, we construct the Stanley–Reisner ring



Example: S

I� = (ad, bce)
<latexit sha1_base64="vISUuSlzrZoAEhBVrZ6br/SU4v0=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqSElE0I1Q1IXuKtgHtCFMJjft0MmDmYkQQv0VNy4UceuHuPNvnLZZaOuBC4dz7uXee7yEM6ks69tYWl5ZXVsvbZQ3t7Z3ds29/baMU0GhRWMei65HJHAWQUsxxaGbCCChx6Hjja4nfucRhGRx9KCyBJyQDCIWMEqUllyzcuf2b4Argi9xjfgnHoVj16xadWsKvEjsglRRgaZrfvX9mKYhRIpyImXPthLl5EQoRjmMy/1UQkLoiAygp2lEQpBOPj1+jI+04uMgFroihafq74mchFJmoac7Q6KGct6biP95vVQFF07OoiRVENHZoiDlWMV4kgT2mQCqeKYJoYLpWzEdEkGo0nmVdQj2/MuLpH1at626fX9WbVwVcZTQATpENWSjc9RAt6iJWoiiDD2jV/RmPBkvxrvxMWtdMoqZCvoD4/MHUtaTQA==</latexit><latexit sha1_base64="vISUuSlzrZoAEhBVrZ6br/SU4v0=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqSElE0I1Q1IXuKtgHtCFMJjft0MmDmYkQQv0VNy4UceuHuPNvnLZZaOuBC4dz7uXee7yEM6ks69tYWl5ZXVsvbZQ3t7Z3ds29/baMU0GhRWMei65HJHAWQUsxxaGbCCChx6Hjja4nfucRhGRx9KCyBJyQDCIWMEqUllyzcuf2b4Argi9xjfgnHoVj16xadWsKvEjsglRRgaZrfvX9mKYhRIpyImXPthLl5EQoRjmMy/1UQkLoiAygp2lEQpBOPj1+jI+04uMgFroihafq74mchFJmoac7Q6KGct6biP95vVQFF07OoiRVENHZoiDlWMV4kgT2mQCqeKYJoYLpWzEdEkGo0nmVdQj2/MuLpH1at626fX9WbVwVcZTQATpENWSjc9RAt6iJWoiiDD2jV/RmPBkvxrvxMWtdMoqZCvoD4/MHUtaTQA==</latexit><latexit sha1_base64="vISUuSlzrZoAEhBVrZ6br/SU4v0=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqSElE0I1Q1IXuKtgHtCFMJjft0MmDmYkQQv0VNy4UceuHuPNvnLZZaOuBC4dz7uXee7yEM6ks69tYWl5ZXVsvbZQ3t7Z3ds29/baMU0GhRWMei65HJHAWQUsxxaGbCCChx6Hjja4nfucRhGRx9KCyBJyQDCIWMEqUllyzcuf2b4Argi9xjfgnHoVj16xadWsKvEjsglRRgaZrfvX9mKYhRIpyImXPthLl5EQoRjmMy/1UQkLoiAygp2lEQpBOPj1+jI+04uMgFroihafq74mchFJmoac7Q6KGct6biP95vVQFF07OoiRVENHZoiDlWMV4kgT2mQCqeKYJoYLpWzEdEkGo0nmVdQj2/MuLpH1at626fX9WbVwVcZTQATpENWSjc9RAt6iJWoiiDD2jV/RmPBkvxrvxMWtdMoqZCvoD4/MHUtaTQA==</latexit><latexit sha1_base64="vISUuSlzrZoAEhBVrZ6br/SU4v0=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqSElE0I1Q1IXuKtgHtCFMJjft0MmDmYkQQv0VNy4UceuHuPNvnLZZaOuBC4dz7uXee7yEM6ks69tYWl5ZXVsvbZQ3t7Z3ds29/baMU0GhRWMei65HJHAWQUsxxaGbCCChx6Hjja4nfucRhGRx9KCyBJyQDCIWMEqUllyzcuf2b4Argi9xjfgnHoVj16xadWsKvEjsglRRgaZrfvX9mKYhRIpyImXPthLl5EQoRjmMy/1UQkLoiAygp2lEQpBOPj1+jI+04uMgFroihafq74mchFJmoac7Q6KGct6biP95vVQFF07OoiRVENHZoiDlWMV4kgT2mQCqeKYJoYLpWzEdEkGo0nmVdQj2/MuLpH1at626fX9WbVwVcZTQATpENWSjc9RAt6iJWoiiDD2jV/RmPBkvxrvxMWtdMoqZCvoD4/MHUtaTQA==</latexit>

2

Stanley–Reisner ring

minimal non-faces

K� = K[a, b, c, d, e]/I�
<latexit sha1_base64="ITJAj2imVrocb5Ltn4DtUmfBEms="></latexit><latexit sha1_base64="ITJAj2imVrocb5Ltn4DtUmfBEms="></latexit><latexit sha1_base64="ITJAj2imVrocb5Ltn4DtUmfBEms="></latexit><latexit sha1_base64="ITJAj2imVrocb5Ltn4DtUmfBEms="></latexit>

Homeomorphic to two-sphere

a
<latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit>

b
<latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit>

c
<latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit>

a
<latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit>

b
<latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit>

c
<latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit>

d
<latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit>

e
<latexit sha1_base64="NPruYLn66/puOzAMtMM3tSFgc5w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipiYNyxa26C5B14uWkAjkag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPFoTNyYZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjjZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1XPrXrN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx/JbYzp</latexit><latexit sha1_base64="NPruYLn66/puOzAMtMM3tSFgc5w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipiYNyxa26C5B14uWkAjkag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPFoTNyYZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjjZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1XPrXrN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx/JbYzp</latexit><latexit sha1_base64="NPruYLn66/puOzAMtMM3tSFgc5w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipiYNyxa26C5B14uWkAjkag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPFoTNyYZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjjZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1XPrXrN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx/JbYzp</latexit><latexit sha1_base64="NPruYLn66/puOzAMtMM3tSFgc5w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipiYNyxa26C5B14uWkAjkag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPFoTNyYZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjjZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1XPrXrN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx/JbYzp</latexit>

a
<latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit>

b
<latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit>

c
<latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit>

d
<latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit>

e
<latexit sha1_base64="NPruYLn66/puOzAMtMM3tSFgc5w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipiYNyxa26C5B14uWkAjkag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPFoTNyYZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjjZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1XPrXrN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx/JbYzp</latexit><latexit sha1_base64="NPruYLn66/puOzAMtMM3tSFgc5w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipiYNyxa26C5B14uWkAjkag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPFoTNyYZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjjZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1XPrXrN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx/JbYzp</latexit><latexit sha1_base64="NPruYLn66/puOzAMtMM3tSFgc5w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipiYNyxa26C5B14uWkAjkag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPFoTNyYZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjjZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1XPrXrN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx/JbYzp</latexit><latexit sha1_base64="NPruYLn66/puOzAMtMM3tSFgc5w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipiYNyxa26C5B14uWkAjkag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPFoTNyYZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjjZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1XPrXrN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx/JbYzp</latexit>

a
<latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit>

b
<latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit>

c
<latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit>

d
<latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit>

a
<latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit>

b
<latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit>

c
<latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit>

d
<latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit>

e
<latexit sha1_base64="NPruYLn66/puOzAMtMM3tSFgc5w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipiYNyxa26C5B14uWkAjkag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPFoTNyYZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjjZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1XPrXrN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx/JbYzp</latexit><latexit sha1_base64="NPruYLn66/puOzAMtMM3tSFgc5w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipiYNyxa26C5B14uWkAjkag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPFoTNyYZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjjZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1XPrXrN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx/JbYzp</latexit><latexit sha1_base64="NPruYLn66/puOzAMtMM3tSFgc5w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipiYNyxa26C5B14uWkAjkag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPFoTNyYZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjjZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1XPrXrN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx/JbYzp</latexit><latexit sha1_base64="NPruYLn66/puOzAMtMM3tSFgc5w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipiYNyxa26C5B14uWkAjkag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPFoTNyYZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjjZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1XPrXrN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx/JbYzp</latexit>

b
<latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit>

a
<latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit>

c
<latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit>

d
<latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit>

e
<latexit sha1_base64="NPruYLn66/puOzAMtMM3tSFgc5w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipiYNyxa26C5B14uWkAjkag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPFoTNyYZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjjZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1XPrXrN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx/JbYzp</latexit><latexit sha1_base64="NPruYLn66/puOzAMtMM3tSFgc5w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipiYNyxa26C5B14uWkAjkag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPFoTNyYZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjjZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1XPrXrN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx/JbYzp</latexit><latexit sha1_base64="NPruYLn66/puOzAMtMM3tSFgc5w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipiYNyxa26C5B14uWkAjkag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPFoTNyYZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjjZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1XPrXrN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx/JbYzp</latexit><latexit sha1_base64="NPruYLn66/puOzAMtMM3tSFgc5w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipiYNyxa26C5B14uWkAjkag/JXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPFoTNyYZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjjZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1XPrXrN60r9No+jCGdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx/JbYzp</latexit>



From Polytopes to Geometries
• Every triangulation of  a reflexive polytope can yield a Calabi–Yau

• We do not know how many toric Calabi–Yau geometries there are

• Different triangulations of  the same polytope are expected, in general, to 
give different Calabi–Yau manifolds

• In principle, triangulations of  different polytopes can give the same Calabi–
Yau manifold

• The Calabi–Yau inherits topological invariants from the polytope

• 16 polytopes in        give rise to elliptic curves (Calabi–Yau onefolds)R2

4319 polytopes in        give rise to K3 (Calabi–Yau twofolds)R3

473800776 polytopes in        give rise to at least 30108 Calabi–Yau threefoldsR4



A Calabi–Yau Database

https://rossealtman.com

Altman, Gray, He, VJ, Nelson (2014)



CICYs
• Zero locus of  a set of  homogeneous polynomials over combined set of  

coordinates of  projective spaces

•     equations of  multi-degree                      embedded inK
<latexit sha1_base64="NEHvk9CLEoItWO1mxnchQdSiBjc=">AAAB6HicdVBNS8NAEN3Ur1q/qh69LBbBU9jE0NZb0YvgpQXbCm0om+2mXbvZhN2NUEJ/gRcPinj1J3nz37hpK6jog4HHezPMzAsSzpRG6MMqrKyurW8UN0tb2zu7e+X9g46KU0lom8Q8lrcBVpQzQduaaU5vE0lxFHDaDSaXud+9p1KxWNzoaUL9CI8ECxnB2kit60G5guzzetX1qhDZCNUc18mJW/POPOgYJUcFLNEclN/7w5ikERWacKxUz0GJ9jMsNSOczkr9VNEEkwke0Z6hAkdU+dn80Bk8McoQhrE0JTScq98nMhwpNY0C0xlhPVa/vVz8y+ulOqz7GRNJqqkgi0VhyqGOYf41HDJJieZTQzCRzNwKyRhLTLTJpmRC+PoU/k86ru0g22l5lcbFMo4iOALH4BQ4oAYa4Ao0QRsQQMEDeALP1p31aL1Yr4vWgrWcOQQ/YL19AgIjjRE=</latexit><latexit sha1_base64="NEHvk9CLEoItWO1mxnchQdSiBjc=">AAAB6HicdVBNS8NAEN3Ur1q/qh69LBbBU9jE0NZb0YvgpQXbCm0om+2mXbvZhN2NUEJ/gRcPinj1J3nz37hpK6jog4HHezPMzAsSzpRG6MMqrKyurW8UN0tb2zu7e+X9g46KU0lom8Q8lrcBVpQzQduaaU5vE0lxFHDaDSaXud+9p1KxWNzoaUL9CI8ECxnB2kit60G5guzzetX1qhDZCNUc18mJW/POPOgYJUcFLNEclN/7w5ikERWacKxUz0GJ9jMsNSOczkr9VNEEkwke0Z6hAkdU+dn80Bk8McoQhrE0JTScq98nMhwpNY0C0xlhPVa/vVz8y+ulOqz7GRNJqqkgi0VhyqGOYf41HDJJieZTQzCRzNwKyRhLTLTJpmRC+PoU/k86ru0g22l5lcbFMo4iOALH4BQ4oAYa4Ao0QRsQQMEDeALP1p31aL1Yr4vWgrWcOQQ/YL19AgIjjRE=</latexit><latexit sha1_base64="NEHvk9CLEoItWO1mxnchQdSiBjc=">AAAB6HicdVBNS8NAEN3Ur1q/qh69LBbBU9jE0NZb0YvgpQXbCm0om+2mXbvZhN2NUEJ/gRcPinj1J3nz37hpK6jog4HHezPMzAsSzpRG6MMqrKyurW8UN0tb2zu7e+X9g46KU0lom8Q8lrcBVpQzQduaaU5vE0lxFHDaDSaXud+9p1KxWNzoaUL9CI8ECxnB2kit60G5guzzetX1qhDZCNUc18mJW/POPOgYJUcFLNEclN/7w5ikERWacKxUz0GJ9jMsNSOczkr9VNEEkwke0Z6hAkdU+dn80Bk8McoQhrE0JTScq98nMhwpNY0C0xlhPVa/vVz8y+ulOqz7GRNJqqkgi0VhyqGOYf41HDJJieZTQzCRzNwKyRhLTLTJpmRC+PoU/k86ru0g22l5lcbFMo4iOALH4BQ4oAYa4Ao0QRsQQMEDeALP1p31aL1Yr4vWgrWcOQQ/YL19AgIjjRE=</latexit><latexit sha1_base64="NEHvk9CLEoItWO1mxnchQdSiBjc=">AAAB6HicdVBNS8NAEN3Ur1q/qh69LBbBU9jE0NZb0YvgpQXbCm0om+2mXbvZhN2NUEJ/gRcPinj1J3nz37hpK6jog4HHezPMzAsSzpRG6MMqrKyurW8UN0tb2zu7e+X9g46KU0lom8Q8lrcBVpQzQduaaU5vE0lxFHDaDSaXud+9p1KxWNzoaUL9CI8ECxnB2kit60G5guzzetX1qhDZCNUc18mJW/POPOgYJUcFLNEclN/7w5ikERWacKxUz0GJ9jMsNSOczkr9VNEEkwke0Z6hAkdU+dn80Bk8McoQhrE0JTScq98nMhwpNY0C0xlhPVa/vVz8y+ulOqz7GRNJqqkgi0VhyqGOYf41HDJJieZTQzCRzNwKyRhLTLTJpmRC+PoU/k86ru0g22l5lcbFMo4iOALH4BQ4oAYa4Ao0QRsQQMEDeALP1p31aL1Yr4vWgrWcOQQ/YL19AgIjjRE=</latexit>

complete intersection 
threefold

c1 = 0
<latexit sha1_base64="9XYkkbmnjWzU3wm2xCPOkoCKoQk=">AAAB7nicdZDLSgMxFIbP1Futt6pLN8EiuBoS8boQim5cVrCt0A4lk2ba0ExmSDJCGfoQblwo4tbncefbmF4UFf0hcPj+c8g5f5hKYSzG715hbn5hcam4XFpZXVvfKG9uNUySacbrLJGJvg2p4VIoXrfCSn6bak7jUPJmOLgc+807ro1I1I0dpjyIaU+JSDBqHWqyDkHnCHfKFewfYXJ2TBD28UToi5AZqcBMtU75rd1NWBZzZZmkxrQITm2QU20Fk3xUameGp5QNaI+3XKlozE2QT9YdoT1HuihKtHvKogn9PpHT2JhhHLrOmNq++e2N4V9eK7PRaZALlWaWKzb9KMoksgka3466QnNm5dAVlGnhdkWsTzVl1iVUciF8Xor+LxoHPsE+uT6sVC9mcRRhB3ZhHwicQBWuoAZ1YDCAe3iEJy/1Hrxn72XaWvBmM9vwQ97rB8oPjow=</latexit><latexit sha1_base64="9XYkkbmnjWzU3wm2xCPOkoCKoQk=">AAAB7nicdZDLSgMxFIbP1Futt6pLN8EiuBoS8boQim5cVrCt0A4lk2ba0ExmSDJCGfoQblwo4tbncefbmF4UFf0hcPj+c8g5f5hKYSzG715hbn5hcam4XFpZXVvfKG9uNUySacbrLJGJvg2p4VIoXrfCSn6bak7jUPJmOLgc+807ro1I1I0dpjyIaU+JSDBqHWqyDkHnCHfKFewfYXJ2TBD28UToi5AZqcBMtU75rd1NWBZzZZmkxrQITm2QU20Fk3xUameGp5QNaI+3XKlozE2QT9YdoT1HuihKtHvKogn9PpHT2JhhHLrOmNq++e2N4V9eK7PRaZALlWaWKzb9KMoksgka3466QnNm5dAVlGnhdkWsTzVl1iVUciF8Xor+LxoHPsE+uT6sVC9mcRRhB3ZhHwicQBWuoAZ1YDCAe3iEJy/1Hrxn72XaWvBmM9vwQ97rB8oPjow=</latexit><latexit sha1_base64="9XYkkbmnjWzU3wm2xCPOkoCKoQk=">AAAB7nicdZDLSgMxFIbP1Futt6pLN8EiuBoS8boQim5cVrCt0A4lk2ba0ExmSDJCGfoQblwo4tbncefbmF4UFf0hcPj+c8g5f5hKYSzG715hbn5hcam4XFpZXVvfKG9uNUySacbrLJGJvg2p4VIoXrfCSn6bak7jUPJmOLgc+807ro1I1I0dpjyIaU+JSDBqHWqyDkHnCHfKFewfYXJ2TBD28UToi5AZqcBMtU75rd1NWBZzZZmkxrQITm2QU20Fk3xUameGp5QNaI+3XKlozE2QT9YdoT1HuihKtHvKogn9PpHT2JhhHLrOmNq++e2N4V9eK7PRaZALlWaWKzb9KMoksgka3466QnNm5dAVlGnhdkWsTzVl1iVUciF8Xor+LxoHPsE+uT6sVC9mcRRhB3ZhHwicQBWuoAZ1YDCAe3iEJy/1Hrxn72XaWvBmM9vwQ97rB8oPjow=</latexit><latexit sha1_base64="9XYkkbmnjWzU3wm2xCPOkoCKoQk=">AAAB7nicdZDLSgMxFIbP1Futt6pLN8EiuBoS8boQim5cVrCt0A4lk2ba0ExmSDJCGfoQblwo4tbncefbmF4UFf0hcPj+c8g5f5hKYSzG715hbn5hcam4XFpZXVvfKG9uNUySacbrLJGJvg2p4VIoXrfCSn6bak7jUPJmOLgc+807ro1I1I0dpjyIaU+JSDBqHWqyDkHnCHfKFewfYXJ2TBD28UToi5AZqcBMtU75rd1NWBZzZZmkxrQITm2QU20Fk3xUameGp5QNaI+3XKlozE2QT9YdoT1HuihKtHvKogn9PpHT2JhhHLrOmNq++e2N4V9eK7PRaZALlWaWKzb9KMoksgka3466QnNm5dAVlGnhdkWsTzVl1iVUciF8Xor+LxoHPsE+uT6sVC9mcRRhB3ZhHwicQBWuoAZ1YDCAe3iEJy/1Hrxn72XaWvBmM9vwQ97rB8oPjow=</latexit>

• Example: quintic 4� 1 = 3
<latexit sha1_base64="7Ua/Wo0ayDYDYJVup8E7dWffG8g=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4ccjUVtuFUHTjsoJ9SDuUTJppQ5PMkGSEMvQr3LhQxK2f486/MX0IKnrgwuGce7n3niDmTBuEPpzM0vLK6lp2PbexubW9k9/da+ooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjK6mfuueKs0ieWvGMfUFHkgWMoKNle5K8AR68AKe9vIF5JaRVz3zIHLRDJYUy6haQdBbKAWwQL2Xf+/2I5IIKg3hWOuOh2Ljp1gZRjid5LqJpjEmIzygHUslFlT76ezgCTyySh+GkbIlDZyp3ydSLLQei8B2CmyG+rc3Ff/yOokJK37KZJwYKsl8UZhwaCI4/R72maLE8LElmChmb4VkiBUmxmaUsyF8fQr/J82i6yHXuykVapeLOLLgAByCY+CBc1AD16AOGoAAAR7AE3h2lPPovDiv89aMs5jZBz/gvH0C6UyOhA==</latexit><latexit sha1_base64="7Ua/Wo0ayDYDYJVup8E7dWffG8g=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4ccjUVtuFUHTjsoJ9SDuUTJppQ5PMkGSEMvQr3LhQxK2f486/MX0IKnrgwuGce7n3niDmTBuEPpzM0vLK6lp2PbexubW9k9/da+ooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjK6mfuueKs0ieWvGMfUFHkgWMoKNle5K8AR68AKe9vIF5JaRVz3zIHLRDJYUy6haQdBbKAWwQL2Xf+/2I5IIKg3hWOuOh2Ljp1gZRjid5LqJpjEmIzygHUslFlT76ezgCTyySh+GkbIlDZyp3ydSLLQei8B2CmyG+rc3Ff/yOokJK37KZJwYKsl8UZhwaCI4/R72maLE8LElmChmb4VkiBUmxmaUsyF8fQr/J82i6yHXuykVapeLOLLgAByCY+CBc1AD16AOGoAAAR7AE3h2lPPovDiv89aMs5jZBz/gvH0C6UyOhA==</latexit><latexit sha1_base64="7Ua/Wo0ayDYDYJVup8E7dWffG8g=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4ccjUVtuFUHTjsoJ9SDuUTJppQ5PMkGSEMvQr3LhQxK2f486/MX0IKnrgwuGce7n3niDmTBuEPpzM0vLK6lp2PbexubW9k9/da+ooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjK6mfuueKs0ieWvGMfUFHkgWMoKNle5K8AR68AKe9vIF5JaRVz3zIHLRDJYUy6haQdBbKAWwQL2Xf+/2I5IIKg3hWOuOh2Ljp1gZRjid5LqJpjEmIzygHUslFlT76ezgCTyySh+GkbIlDZyp3ydSLLQei8B2CmyG+rc3Ff/yOokJK37KZJwYKsl8UZhwaCI4/R72maLE8LElmChmb4VkiBUmxmaUsyF8fQr/J82i6yHXuykVapeLOLLgAByCY+CBc1AD16AOGoAAAR7AE3h2lPPovDiv89aMs5jZBz/gvH0C6UyOhA==</latexit><latexit sha1_base64="7Ua/Wo0ayDYDYJVup8E7dWffG8g=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4ccjUVtuFUHTjsoJ9SDuUTJppQ5PMkGSEMvQr3LhQxK2f486/MX0IKnrgwuGce7n3niDmTBuEPpzM0vLK6lp2PbexubW9k9/da+ooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjK6mfuueKs0ieWvGMfUFHkgWMoKNle5K8AR68AKe9vIF5JaRVz3zIHLRDJYUy6haQdBbKAWwQL2Xf+/2I5IIKg3hWOuOh2Ljp1gZRjid5LqJpjEmIzygHUslFlT76ezgCTyySh+GkbIlDZyp3ydSLLQei8B2CmyG+rc3Ff/yOokJK37KZJwYKsl8UZhwaCI4/R72maLE8LElmChmb4VkiBUmxmaUsyF8fQr/J82i6yHXuykVapeLOLLgAByCY+CBc1AD16AOGoAAAR7AE3h2lPPovDiv89aMs5jZBz/gvH0C6UyOhA==</latexit>

5 = 4 + 1
<latexit sha1_base64="rvvnKVL1dMrkTR2xixbLBQbwEEg=">AAAB7nicdVDLSgMxFM3UV62vqks3wSIIwpCUVtuFUHTjsoJ9QDuUTJppQzOZIckIZehHuHGhiFu/x51/Y9qOoKIHLhzOuZd77/FjwbVB6MPJrayurW/kNwtb2zu7e8X9g7aOEkVZi0YiUl2faCa4ZC3DjWDdWDES+oJ1/Mn13O/cM6V5JO/MNGZeSEaSB5wSY6VOFV7CyhkeFEvIrSJcP8cQuWgBS8pVVK8hiDOlBDI0B8X3/jCiScikoYJo3cMoNl5KlOFUsFmhn2gWEzohI9azVJKQaS9dnDuDJ1YZwiBStqSBC/X7REpCraehbztDYsb6tzcX//J6iQlqXsplnBgm6XJRkAhoIjj/HQ65YtSIqSWEKm5vhXRMFKHGJlSwIXx9Cv8n7bKLkYtvK6XGVRZHHhyBY3AKMLgADXADmqAFKJiAB/AEnp3YeXRenNdla87JZg7BDzhvnzxDjjA=</latexit><latexit sha1_base64="rvvnKVL1dMrkTR2xixbLBQbwEEg=">AAAB7nicdVDLSgMxFM3UV62vqks3wSIIwpCUVtuFUHTjsoJ9QDuUTJppQzOZIckIZehHuHGhiFu/x51/Y9qOoKIHLhzOuZd77/FjwbVB6MPJrayurW/kNwtb2zu7e8X9g7aOEkVZi0YiUl2faCa4ZC3DjWDdWDES+oJ1/Mn13O/cM6V5JO/MNGZeSEaSB5wSY6VOFV7CyhkeFEvIrSJcP8cQuWgBS8pVVK8hiDOlBDI0B8X3/jCiScikoYJo3cMoNl5KlOFUsFmhn2gWEzohI9azVJKQaS9dnDuDJ1YZwiBStqSBC/X7REpCraehbztDYsb6tzcX//J6iQlqXsplnBgm6XJRkAhoIjj/HQ65YtSIqSWEKm5vhXRMFKHGJlSwIXx9Cv8n7bKLkYtvK6XGVRZHHhyBY3AKMLgADXADmqAFKJiAB/AEnp3YeXRenNdla87JZg7BDzhvnzxDjjA=</latexit><latexit sha1_base64="rvvnKVL1dMrkTR2xixbLBQbwEEg=">AAAB7nicdVDLSgMxFM3UV62vqks3wSIIwpCUVtuFUHTjsoJ9QDuUTJppQzOZIckIZehHuHGhiFu/x51/Y9qOoKIHLhzOuZd77/FjwbVB6MPJrayurW/kNwtb2zu7e8X9g7aOEkVZi0YiUl2faCa4ZC3DjWDdWDES+oJ1/Mn13O/cM6V5JO/MNGZeSEaSB5wSY6VOFV7CyhkeFEvIrSJcP8cQuWgBS8pVVK8hiDOlBDI0B8X3/jCiScikoYJo3cMoNl5KlOFUsFmhn2gWEzohI9azVJKQaS9dnDuDJ1YZwiBStqSBC/X7REpCraehbztDYsb6tzcX//J6iQlqXsplnBgm6XJRkAhoIjj/HQ65YtSIqSWEKm5vhXRMFKHGJlSwIXx9Cv8n7bKLkYtvK6XGVRZHHhyBY3AKMLgADXADmqAFKJiAB/AEnp3YeXRenNdla87JZg7BDzhvnzxDjjA=</latexit><latexit sha1_base64="rvvnKVL1dMrkTR2xixbLBQbwEEg=">AAAB7nicdVDLSgMxFM3UV62vqks3wSIIwpCUVtuFUHTjsoJ9QDuUTJppQzOZIckIZehHuHGhiFu/x51/Y9qOoKIHLhzOuZd77/FjwbVB6MPJrayurW/kNwtb2zu7e8X9g7aOEkVZi0YiUl2faCa4ZC3DjWDdWDES+oJ1/Mn13O/cM6V5JO/MNGZeSEaSB5wSY6VOFV7CyhkeFEvIrSJcP8cQuWgBS8pVVK8hiDOlBDI0B8X3/jCiScikoYJo3cMoNl5KlOFUsFmhn2gWEzohI9azVJKQaS9dnDuDJ1YZwiBStqSBC/X7REpCraehbztDYsb6tzcX//J6iQlqXsplnBgm6XJRkAhoIjj/HQ65YtSIqSWEKm5vhXRMFKHGJlSwIXx9Cv8n7bKLkYtvK6XGVRZHHhyBY3AKMLgADXADmqAFKJiAB/AEnp3YeXRenNdla87JZg7BDzhvnzxDjjA=</latexit>

configuration matrix

• Other examples:

qra 2 Z�0
<latexit sha1_base64="PV77PZ9DoqU21ef6780zIHI/pMg=">AAACBXicdVDLSgMxFM3UV62vqktdBIvgqmTq0NZd0Y3LCvaBnTpk0rQNzWTGJCOUoRs3/oobF4q49R/c+Tdm2goqeuDC4Zx7ufceP+JMaYQ+rMzC4tLySnY1t7a+sbmV395pqjCWhDZIyEPZ9rGinAna0Exz2o4kxYHPacsfnaV+65ZKxUJxqccR7QZ4IFifEayN5OX3bzx8LaHLBHQDrIe+n1xNvMQdUIgmXr6AiifVcskpQ1REqGKX7JSUKs6xA22jpCiAOepe/t3thSQOqNCEY6U6Nop0N8FSM8LpJOfGikaYjPCAdgwVOKCqm0y/mMBDo/RgP5SmhIZT9ftEggOlxoFvOtNL1W8vFf/yOrHuV7sJE1GsqSCzRf2YQx3CNBLYY5ISzceGYCKZuRWSIZaYaBNczoTw9Sn8nzRLRRsV7QunUDudx5EFe+AAHAEbVEANnIM6aAAC7sADeALP1r31aL1Yr7PWjDWf2QU/YL19AjYemGQ=</latexit><latexit sha1_base64="PV77PZ9DoqU21ef6780zIHI/pMg=">AAACBXicdVDLSgMxFM3UV62vqktdBIvgqmTq0NZd0Y3LCvaBnTpk0rQNzWTGJCOUoRs3/oobF4q49R/c+Tdm2goqeuDC4Zx7ufceP+JMaYQ+rMzC4tLySnY1t7a+sbmV395pqjCWhDZIyEPZ9rGinAna0Exz2o4kxYHPacsfnaV+65ZKxUJxqccR7QZ4IFifEayN5OX3bzx8LaHLBHQDrIe+n1xNvMQdUIgmXr6AiifVcskpQ1REqGKX7JSUKs6xA22jpCiAOepe/t3thSQOqNCEY6U6Nop0N8FSM8LpJOfGikaYjPCAdgwVOKCqm0y/mMBDo/RgP5SmhIZT9ftEggOlxoFvOtNL1W8vFf/yOrHuV7sJE1GsqSCzRf2YQx3CNBLYY5ISzceGYCKZuRWSIZaYaBNczoTw9Sn8nzRLRRsV7QunUDudx5EFe+AAHAEbVEANnIM6aAAC7sADeALP1r31aL1Yr7PWjDWf2QU/YL19AjYemGQ=</latexit><latexit sha1_base64="PV77PZ9DoqU21ef6780zIHI/pMg=">AAACBXicdVDLSgMxFM3UV62vqktdBIvgqmTq0NZd0Y3LCvaBnTpk0rQNzWTGJCOUoRs3/oobF4q49R/c+Tdm2goqeuDC4Zx7ufceP+JMaYQ+rMzC4tLySnY1t7a+sbmV395pqjCWhDZIyEPZ9rGinAna0Exz2o4kxYHPacsfnaV+65ZKxUJxqccR7QZ4IFifEayN5OX3bzx8LaHLBHQDrIe+n1xNvMQdUIgmXr6AiifVcskpQ1REqGKX7JSUKs6xA22jpCiAOepe/t3thSQOqNCEY6U6Nop0N8FSM8LpJOfGikaYjPCAdgwVOKCqm0y/mMBDo/RgP5SmhIZT9ftEggOlxoFvOtNL1W8vFf/yOrHuV7sJE1GsqSCzRf2YQx3CNBLYY5ISzceGYCKZuRWSIZaYaBNczoTw9Sn8nzRLRRsV7QunUDudx5EFe+AAHAEbVEANnIM6aAAC7sADeALP1r31aL1Yr7PWjDWf2QU/YL19AjYemGQ=</latexit><latexit sha1_base64="PV77PZ9DoqU21ef6780zIHI/pMg=">AAACBXicdVDLSgMxFM3UV62vqktdBIvgqmTq0NZd0Y3LCvaBnTpk0rQNzWTGJCOUoRs3/oobF4q49R/c+Tdm2goqeuDC4Zx7ufceP+JMaYQ+rMzC4tLySnY1t7a+sbmV395pqjCWhDZIyEPZ9rGinAna0Exz2o4kxYHPacsfnaV+65ZKxUJxqccR7QZ4IFifEayN5OX3bzx8LaHLBHQDrIe+n1xNvMQdUIgmXr6AiifVcskpQ1REqGKX7JSUKs6xA22jpCiAOepe/t3thSQOqNCEY6U6Nop0N8FSM8LpJOfGikaYjPCAdgwVOKCqm0y/mMBDo/RgP5SmhIZT9ftEggOlxoFvOtNL1W8vFf/yOrHuV7sJE1GsqSCzRf2YQx3CNBLYY5ISzceGYCKZuRWSIZaYaBNczoTw9Sn8nzRLRRsV7QunUDudx5EFe+AAHAEbVEANnIM6aAAC7sADeALP1r31aL1Yr7PWjDWf2QU/YL19AjYemGQ=</latexit>

X =

Pn1

...
Pn`

0

B@
q11 · · · q1K
...

. . .
...

q`1 · · · q`K

1

CA

�
<latexit sha1_base64="tv7k5UH/cIHKeRWRNonI464InNI="></latexit><latexit sha1_base64="tv7k5UH/cIHKeRWRNonI464InNI="></latexit><latexit sha1_base64="tv7k5UH/cIHKeRWRNonI464InNI="></latexit><latexit sha1_base64="tv7k5UH/cIHKeRWRNonI464InNI="></latexit>

P4(5)�200
<latexit sha1_base64="vVtF66eILpNIIXv/GFYJGm6hj78=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8Ei1IUlKRVdFt24rGAf0MYwmU7aoZMHMxOhxCz8FTcuFHHrb7jzb5y0XWj1wMDhnHu5Z44XcyaVZX0ZhaXlldW14nppY3Nre8fc3WvLKBGEtkjEI9H1sKSchbSlmOK0GwuKA4/Tjje+yv3OPRWSReGtmsTUCfAwZD4jWGnJNQ/6AVYjz0ub2V29cnbipqc1y8pcs2xVrSnQX2LPSRnmaLrmZ38QkSSgoSIcS9mzrVg5KRaKEU6zUj+RNMZkjIe0p2mIAyqddJo/Q8daGSA/EvqFCk3VnxspDqScBJ6ezNPKRS8X//N6ifIvnJSFcaJoSGaH/IQjFaG8DDRgghLFJ5pgIpjOisgIC0yUrqykS7AXv/yXtGtVW/OberlxOa+jCIdwBBWw4RwacA1NaAGBB3iCF3g1Ho1n4814n40WjPnOPvyC8fENArWUxw==</latexit><latexit sha1_base64="vVtF66eILpNIIXv/GFYJGm6hj78=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8Ei1IUlKRVdFt24rGAf0MYwmU7aoZMHMxOhxCz8FTcuFHHrb7jzb5y0XWj1wMDhnHu5Z44XcyaVZX0ZhaXlldW14nppY3Nre8fc3WvLKBGEtkjEI9H1sKSchbSlmOK0GwuKA4/Tjje+yv3OPRWSReGtmsTUCfAwZD4jWGnJNQ/6AVYjz0ub2V29cnbipqc1y8pcs2xVrSnQX2LPSRnmaLrmZ38QkSSgoSIcS9mzrVg5KRaKEU6zUj+RNMZkjIe0p2mIAyqddJo/Q8daGSA/EvqFCk3VnxspDqScBJ6ezNPKRS8X//N6ifIvnJSFcaJoSGaH/IQjFaG8DDRgghLFJ5pgIpjOisgIC0yUrqykS7AXv/yXtGtVW/OberlxOa+jCIdwBBWw4RwacA1NaAGBB3iCF3g1Ho1n4814n40WjPnOPvyC8fENArWUxw==</latexit><latexit sha1_base64="vVtF66eILpNIIXv/GFYJGm6hj78=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8Ei1IUlKRVdFt24rGAf0MYwmU7aoZMHMxOhxCz8FTcuFHHrb7jzb5y0XWj1wMDhnHu5Z44XcyaVZX0ZhaXlldW14nppY3Nre8fc3WvLKBGEtkjEI9H1sKSchbSlmOK0GwuKA4/Tjje+yv3OPRWSReGtmsTUCfAwZD4jWGnJNQ/6AVYjz0ub2V29cnbipqc1y8pcs2xVrSnQX2LPSRnmaLrmZ38QkSSgoSIcS9mzrVg5KRaKEU6zUj+RNMZkjIe0p2mIAyqddJo/Q8daGSA/EvqFCk3VnxspDqScBJ6ezNPKRS8X//N6ifIvnJSFcaJoSGaH/IQjFaG8DDRgghLFJ5pgIpjOisgIC0yUrqykS7AXv/yXtGtVW/OberlxOa+jCIdwBBWw4RwacA1NaAGBB3iCF3g1Ho1n4814n40WjPnOPvyC8fENArWUxw==</latexit><latexit sha1_base64="vVtF66eILpNIIXv/GFYJGm6hj78=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8Ei1IUlKRVdFt24rGAf0MYwmU7aoZMHMxOhxCz8FTcuFHHrb7jzb5y0XWj1wMDhnHu5Z44XcyaVZX0ZhaXlldW14nppY3Nre8fc3WvLKBGEtkjEI9H1sKSchbSlmOK0GwuKA4/Tjje+yv3OPRWSReGtmsTUCfAwZD4jWGnJNQ/6AVYjz0ub2V29cnbipqc1y8pcs2xVrSnQX2LPSRnmaLrmZ38QkSSgoSIcS9mzrVg5KRaKEU6zUj+RNMZkjIe0p2mIAyqddJo/Q8daGSA/EvqFCk3VnxspDqScBJ6ezNPKRS8X//N6ifIvnJSFcaJoSGaH/IQjFaG8DDRgghLFJ5pgIpjOisgIC0yUrqykS7AXv/yXtGtVW/OberlxOa+jCIdwBBWw4RwacA1NaAGBB3iCF3g1Ho1n4814n40WjPnOPvyC8fENArWUxw==</latexit>

P5(3, 3)�144 , P5(4, 2)�176 , P6(3, 2, 2)�144 , P7(2, 2, 2, 2)�128
<latexit sha1_base64="dgEZiz3ckIIuxlay5aFLRQqSuxU="></latexit><latexit sha1_base64="dgEZiz3ckIIuxlay5aFLRQqSuxU="></latexit><latexit sha1_base64="dgEZiz3ckIIuxlay5aFLRQqSuxU="></latexit><latexit sha1_base64="dgEZiz3ckIIuxlay5aFLRQqSuxU="></latexit>

Pn1 ⇥ · · ·⇥ Pn`
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

X

a

qra = nr + 1 , 8 r 2 {1, . . . , `}
<latexit sha1_base64="dxA4fgN2XlJX6OVU7tBfNwyi0Ts="></latexit>

X

r

nr �K = 3
<latexit sha1_base64="EtwmUzFwKAzb3XK0FDGbSiNdm3Y=">AAAB+3icdVDLSgMxFM3UV62vsS7dBIvgxiHTWm0XQtGN4KaCfUBbhkyatqFJZkgyYin9FTcuFHHrj7jzb0wfgooeuHA4517uvSeMOdMGoQ8ntbS8srqWXs9sbG5t77i72bqOEkVojUQ8Us0Qa8qZpDXDDKfNWFEsQk4b4fBy6jfuqNIskrdmFNOOwH3JeoxgY6XAzbZ1IgIFpa1jeA3PYSFwc8grIr986kPkoRksyRdRuYSgv1ByYIFq4L63uxFJBJWGcKx1y0ex6YyxMoxwOsm0E01jTIa4T1uWSiyo7oxnt0/goVW6sBcpW9LAmfp9YoyF1iMR2k6BzUD/9qbiX14rMb1SZ8xknBgqyXxRL+HQRHAaBOwyRYnhI0swUczeCskAK0yMjStjQ/j6FP5P6nnPL3j5m5Nc5WIRRxrsgwNwBHxwBirgClRBDRBwDx7AE3h2Js6j8+K8zltTzmJmD/yA8/YJmT+S2g==</latexit>



CICYs
• Tian–Yau manifold:

freely acting        quotient gives manifold withZ3
<latexit sha1_base64="cK1pj5bDH1wPpKa+kaqwRA3tqFM=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC02oWy223bpZhN2X4QS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrHuhNRwKRRvoUDJO4nmNAolfwjHN7n/8MS1EbG6x0nCg4gOlRgIRtFKvh9RHIVh9jjtnfeqNbfuzkCWiVeQGhRo9qpffj9macQVMkmN6XpugkFGNQom+bTip4YnlI3pkHctVTTiJshmmafkxCp9Moi1fQrJTP29kdHImEkU2sk8o1n0cvE/r5vi4CrIhEpS5IrNDw1SSTAmeQGkLzRnKCeWUKaFzUrYiGrK0NZUsSV4i19eJu2zuufWvbuLWuO6qKMMR3AMp+DBJTTgFprQAgYJPMMrvDmp8+K8Ox/z0ZJT7BzCHzifP/ljkaA=</latexit><latexit sha1_base64="cK1pj5bDH1wPpKa+kaqwRA3tqFM=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC02oWy223bpZhN2X4QS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrHuhNRwKRRvoUDJO4nmNAolfwjHN7n/8MS1EbG6x0nCg4gOlRgIRtFKvh9RHIVh9jjtnfeqNbfuzkCWiVeQGhRo9qpffj9macQVMkmN6XpugkFGNQom+bTip4YnlI3pkHctVTTiJshmmafkxCp9Moi1fQrJTP29kdHImEkU2sk8o1n0cvE/r5vi4CrIhEpS5IrNDw1SSTAmeQGkLzRnKCeWUKaFzUrYiGrK0NZUsSV4i19eJu2zuufWvbuLWuO6qKMMR3AMp+DBJTTgFprQAgYJPMMrvDmp8+K8Ox/z0ZJT7BzCHzifP/ljkaA=</latexit><latexit sha1_base64="cK1pj5bDH1wPpKa+kaqwRA3tqFM=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC02oWy223bpZhN2X4QS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrHuhNRwKRRvoUDJO4nmNAolfwjHN7n/8MS1EbG6x0nCg4gOlRgIRtFKvh9RHIVh9jjtnfeqNbfuzkCWiVeQGhRo9qpffj9macQVMkmN6XpugkFGNQom+bTip4YnlI3pkHctVTTiJshmmafkxCp9Moi1fQrJTP29kdHImEkU2sk8o1n0cvE/r5vi4CrIhEpS5IrNDw1SSTAmeQGkLzRnKCeWUKaFzUrYiGrK0NZUsSV4i19eJu2zuufWvbuLWuO6qKMMR3AMp+DBJTTgFprQAgYJPMMrvDmp8+K8Ox/z0ZJT7BzCHzifP/ljkaA=</latexit><latexit sha1_base64="cK1pj5bDH1wPpKa+kaqwRA3tqFM=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC02oWy223bpZhN2X4QS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrHuhNRwKRRvoUDJO4nmNAolfwjHN7n/8MS1EbG6x0nCg4gOlRgIRtFKvh9RHIVh9jjtnfeqNbfuzkCWiVeQGhRo9qpffj9macQVMkmN6XpugkFGNQom+bTip4YnlI3pkHctVTTiJshmmafkxCp9Moi1fQrJTP29kdHImEkU2sk8o1n0cvE/r5vi4CrIhEpS5IrNDw1SSTAmeQGkLzRnKCeWUKaFzUrYiGrK0NZUsSV4i19eJu2zuufWvbuLWuO6qKMMR3AMp+DBJTTgFprQAgYJPMMrvDmp8+K8Ox/z0ZJT7BzCHzifP/ljkaA=</latexit>

� = �6
<latexit sha1_base64="qWBHtDTGQzZ/i2TrISL4mRnBqHg=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBG8WHZF1ItQ9OKxgv2QdinZNNuGJtklyQpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzwkRwYz3vGy0tr6yurRc2iptb2zu7pb39holTTVmdxiLWrZAYJrhidcutYK1EMyJDwZrh8HbiN5+YNjxWD3aUsECSvuIRp8Q66bFDBxxf49OLbqnsVbwp8CLxc1KGHLVu6avTi2kqmbJUEGPavpfYICPacirYuNhJDUsIHZI+azuqiGQmyKYHj/GxU3o4irUrZfFU/T2REWnMSIauUxI7MPPeRPzPa6c2ugoyrpLUMkVni6JUYBvjyfe4xzWjVowcIVRzdyumA6IJtS6jogvBn395kTTOKr5X8e/Py9WbPI4CHMIRnIAPl1CFO6hBHShIeIZXeEMavaB39DFrXUL5zAH8Afr8ARVyj0Q=</latexit><latexit sha1_base64="qWBHtDTGQzZ/i2TrISL4mRnBqHg=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBG8WHZF1ItQ9OKxgv2QdinZNNuGJtklyQpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzwkRwYz3vGy0tr6yurRc2iptb2zu7pb39holTTVmdxiLWrZAYJrhidcutYK1EMyJDwZrh8HbiN5+YNjxWD3aUsECSvuIRp8Q66bFDBxxf49OLbqnsVbwp8CLxc1KGHLVu6avTi2kqmbJUEGPavpfYICPacirYuNhJDUsIHZI+azuqiGQmyKYHj/GxU3o4irUrZfFU/T2REWnMSIauUxI7MPPeRPzPa6c2ugoyrpLUMkVni6JUYBvjyfe4xzWjVowcIVRzdyumA6IJtS6jogvBn395kTTOKr5X8e/Py9WbPI4CHMIRnIAPl1CFO6hBHShIeIZXeEMavaB39DFrXUL5zAH8Afr8ARVyj0Q=</latexit><latexit sha1_base64="qWBHtDTGQzZ/i2TrISL4mRnBqHg=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBG8WHZF1ItQ9OKxgv2QdinZNNuGJtklyQpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzwkRwYz3vGy0tr6yurRc2iptb2zu7pb39holTTVmdxiLWrZAYJrhidcutYK1EMyJDwZrh8HbiN5+YNjxWD3aUsECSvuIRp8Q66bFDBxxf49OLbqnsVbwp8CLxc1KGHLVu6avTi2kqmbJUEGPavpfYICPacirYuNhJDUsIHZI+azuqiGQmyKYHj/GxU3o4irUrZfFU/T2REWnMSIauUxI7MPPeRPzPa6c2ugoyrpLUMkVni6JUYBvjyfe4xzWjVowcIVRzdyumA6IJtS6jogvBn395kTTOKr5X8e/Py9WbPI4CHMIRnIAPl1CFO6hBHShIeIZXeEMavaB39DFrXUL5zAH8Afr8ARVyj0Q=</latexit><latexit sha1_base64="qWBHtDTGQzZ/i2TrISL4mRnBqHg=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBG8WHZF1ItQ9OKxgv2QdinZNNuGJtklyQpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzwkRwYz3vGy0tr6yurRc2iptb2zu7pb39holTTVmdxiLWrZAYJrhidcutYK1EMyJDwZrh8HbiN5+YNjxWD3aUsECSvuIRp8Q66bFDBxxf49OLbqnsVbwp8CLxc1KGHLVu6avTi2kqmbJUEGPavpfYICPacirYuNhJDUsIHZI+azuqiGQmyKYHj/GxU3o4irUrZfFU/T2REWnMSIauUxI7MPPeRPzPa6c2ugoyrpLUMkVni6JUYBvjyfe4xzWjVowcIVRzdyumA6IJtS6jogvBn395kTTOKr5X8e/Py9WbPI4CHMIRnIAPl1CFO6hBHShIeIZXeEMavaB39DFrXUL5zAH8Afr8ARVyj0Q=</latexit>

central to early string phenomenology

• Can compute     from configuration matrix

P3

P3

✓
3 0 1
0 3 1

◆

�18

()
a↵��w↵w�w� = 0
b↵��z↵z�z� = 0
c↵�w↵z� = 0

<latexit sha1_base64="oRqBf0e+gNlU39dS48VPmSDqZWw="></latexit><latexit sha1_base64="oRqBf0e+gNlU39dS48VPmSDqZWw="></latexit><latexit sha1_base64="oRqBf0e+gNlU39dS48VPmSDqZWw="></latexit><latexit sha1_base64="oRqBf0e+gNlU39dS48VPmSDqZWw="></latexit>

• Transpose is Schön’s manifold, also Calabi–Yau

P2

P2

P1

0

@
3 0
0 3
1 1

1

A

<latexit sha1_base64="BIUzjZBJ/0EijQR2yLXeNfhCUWs="></latexit><latexit sha1_base64="BIUzjZBJ/0EijQR2yLXeNfhCUWs="></latexit><latexit sha1_base64="BIUzjZBJ/0EijQR2yLXeNfhCUWs="></latexit><latexit sha1_base64="BIUzjZBJ/0EijQR2yLXeNfhCUWs="></latexit> � = 0
<latexit sha1_base64="Q9VexCoYCHgNdHk5/aaZYawiEiw=">AAAB73icdVDLSsNAFJ3UV62vqks3g0VwFSYxtHUhFN24rGAf0IYymU7aoZNJnJkIJfQn3LhQxK2/486/cdJWUNEDFw7n3Mu99wQJZ0oj9GEVVlbX1jeKm6Wt7Z3dvfL+QVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47weQq9zv3VCoWi1s9Tagf4ZFgISNYG6nbJ2MGLyAalCvIPq9XXa8KkY1QzXGdnLg178yDjlFyVMASzUH5vT+MSRpRoQnHSvUclGg/w1Izwums1E8VTTCZ4BHtGSpwRJWfze+dwROjDGEYS1NCw7n6fSLDkVLTKDCdEdZj9dvLxb+8XqrDup8xkaSaCrJYFKYc6hjmz8Mhk5RoPjUEE8nMrZCMscREm4hKJoSvT+H/pO3aDrKdG6/SuFzGUQRH4BicAgfUQANcgyZoAQI4eABP4Nm6sx6tF+t10VqwljOH4Aest08BCY9J</latexit><latexit sha1_base64="Q9VexCoYCHgNdHk5/aaZYawiEiw=">AAAB73icdVDLSsNAFJ3UV62vqks3g0VwFSYxtHUhFN24rGAf0IYymU7aoZNJnJkIJfQn3LhQxK2/486/cdJWUNEDFw7n3Mu99wQJZ0oj9GEVVlbX1jeKm6Wt7Z3dvfL+QVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47weQq9zv3VCoWi1s9Tagf4ZFgISNYG6nbJ2MGLyAalCvIPq9XXa8KkY1QzXGdnLg178yDjlFyVMASzUH5vT+MSRpRoQnHSvUclGg/w1Izwums1E8VTTCZ4BHtGSpwRJWfze+dwROjDGEYS1NCw7n6fSLDkVLTKDCdEdZj9dvLxb+8XqrDup8xkaSaCrJYFKYc6hjmz8Mhk5RoPjUEE8nMrZCMscREm4hKJoSvT+H/pO3aDrKdG6/SuFzGUQRH4BicAgfUQANcgyZoAQI4eABP4Nm6sx6tF+t10VqwljOH4Aest08BCY9J</latexit><latexit sha1_base64="Q9VexCoYCHgNdHk5/aaZYawiEiw=">AAAB73icdVDLSsNAFJ3UV62vqks3g0VwFSYxtHUhFN24rGAf0IYymU7aoZNJnJkIJfQn3LhQxK2/486/cdJWUNEDFw7n3Mu99wQJZ0oj9GEVVlbX1jeKm6Wt7Z3dvfL+QVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47weQq9zv3VCoWi1s9Tagf4ZFgISNYG6nbJ2MGLyAalCvIPq9XXa8KkY1QzXGdnLg178yDjlFyVMASzUH5vT+MSRpRoQnHSvUclGg/w1Izwums1E8VTTCZ4BHtGSpwRJWfze+dwROjDGEYS1NCw7n6fSLDkVLTKDCdEdZj9dvLxb+8XqrDup8xkaSaCrJYFKYc6hjmz8Mhk5RoPjUEE8nMrZCMscREm4hKJoSvT+H/pO3aDrKdG6/SuFzGUQRH4BicAgfUQANcgyZoAQI4eABP4Nm6sx6tF+t10VqwljOH4Aest08BCY9J</latexit><latexit sha1_base64="Q9VexCoYCHgNdHk5/aaZYawiEiw=">AAAB73icdVDLSsNAFJ3UV62vqks3g0VwFSYxtHUhFN24rGAf0IYymU7aoZNJnJkIJfQn3LhQxK2/486/cdJWUNEDFw7n3Mu99wQJZ0oj9GEVVlbX1jeKm6Wt7Z3dvfL+QVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47weQq9zv3VCoWi1s9Tagf4ZFgISNYG6nbJ2MGLyAalCvIPq9XXa8KkY1QzXGdnLg178yDjlFyVMASzUH5vT+MSRpRoQnHSvUclGg/w1Izwums1E8VTTCZ4BHtGSpwRJWfze+dwROjDGEYS1NCw7n6fSLDkVLTKDCdEdZj9dvLxb+8XqrDup8xkaSaCrJYFKYc6hjmz8Mhk5RoPjUEE8nMrZCMscREm4hKJoSvT+H/pO3aDrKdG6/SuFzGUQRH4BicAgfUQANcgyZoAQI4eABP4Nm6sx6tF+t10VqwljOH4Aest08BCY9J</latexit>

<latexit sha1_base64="9j/c4zbwkoNWc4dVqR8t0/I5gtk=">AAAB/3icdZDLSgMxFIYzXmu9jQpu3ASL4EKGyTj0shCKblxWsBdox5JJ0zY0cyHJCGXswldx40IRt76GO9/GTFtBRX8IfPznHM7J78ecSWXbH8bC4tLyympuLb++sbm1be7sNmSUCELrJOKRaPlYUs5CWldMcdqKBcWBz2nTH11k9eYtFZJF4bUax9QL8CBkfUaw0lbX3B/epOgETeAZnJKTEap0zYJtVcpFxy1C27LtEnJQBk7JPXUh0k6mApir1jXfO72IJAENFeFYyjayY+WlWChGOJ3kO4mkMSYjPKBtjSEOqPTS6f0TeKSdHuxHQr9Qwan7fSLFgZTjwNedAVZD+buWmX/V2onql72UhXGiaEhmi/oJhyqCWRiwxwQlio81YCKYvhWSIRaYKB1ZXofw9VP4PzQcCxUt+8otVM/nceTAATgExwCBEqiCS1ADdUDAHXgAT+DZuDcejRfjdda6YMxn9sAPGW+fa76Tyw==</latexit>

h1,1 = h1,2 = 19

<latexit sha1_base64="b3/l6xpWwewv8dDuSYgJDA2Ov0Q=">AAACB3icbZDLSgMxFIYz9VbrbdSlIMEiuChlUou6EYpuXFawF2jHkkkzbWjmQpIRytCu3Pgqblwo4tZXcOfbmJnOQlt/CPx85xxOzu+EnEllWd9Gbml5ZXUtv17Y2Nza3jF395oyiAShDRLwQLQdLClnPm0opjhth4Jiz+G05Yyuk3rrgQrJAv9OjUNqe3jgM5cRrDTqmYfD+xiV0AReQlSF09J0ClNSSUjltGcWrbKVCi4alJkiyFTvmV/dfkAij/qKcCxlB1mhsmMsFCOcTgrdSNIQkxEe0I62PvaotOP0jgk81qQP3UDo5yuY0t8TMfakHHuO7vSwGsr5WgL/q3Ui5V7YMfPDSFGfzBa5EYcqgEkosM8EJYqPtcFEMP1XSIZYYKJ0dAUdApo/edE0K2V0VrZuq8XaVRZHHhyAI3ACEDgHNXAD6qABCHgEz+AVvBlPxovxbnzMWnNGNrMP/sj4/AHglZYf</latexit>

h1,1 = 14 , h1,2 = 23

<latexit sha1_base64="DtZY3c0qXlYffwfqwLyBdscU1lg=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbTbN0dxN2N0IJ/QtePCji1T/kzX/jJs1BWx8MPN6bYWZekHCmjet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqCO2QmMeqH2BNOZO0Y5jhtJ8oikXAaS+Y3uV+74kqzWL5aGYJ9QWeSBYygk0uDUnERvWG23QLoFXilaQBJdqj+tdwHJNUUGkIx1oPPDcxfoaVYYTTeW2YappgMsUTOrBUYkG1nxW3ztGZVcYojJUtaVCh/p7IsNB6JgLbKbCJ9LKXi/95g9SEN37GZJIaKsliUZhyZGKUP47GTFFi+MwSTBSztyISYYWJsfHUbAje8surpHvR9K6a7sNlo3VbxlGFEziFc/DgGlpwD23oAIEInuEV3hzhvDjvzseiteKUM8fwB87nDwFgjjc=</latexit>�

<latexit sha1_base64="VyEn67ZLOdfQ3DAEeIRnXhKQTac="></latexit>

1

3
· 5 · (5� 53) = �200

1

3
· (4⇥ 2) · (6� 43 � 23) = �176

1

3
· (3⇥ 3) · (6� 33 � 33) = �144

...



CICYs

• By comparison, for fourfolds, there are 921497 CICYs

Gray, Haupt, Lukas (2013) 

4h1,1 � 2h1,2 + 4h1,3 � h2,2 + 44 = 0
<latexit sha1_base64="/7MenFjvpkABxUPml3aRleBmtdk="></latexit><latexit sha1_base64="/7MenFjvpkABxUPml3aRleBmtdk="></latexit><latexit sha1_base64="/7MenFjvpkABxUPml3aRleBmtdk="></latexit><latexit sha1_base64="/7MenFjvpkABxUPml3aRleBmtdk="></latexit>

• We have: 7890 configuration matrices

266 distinct Hodge pairs
to                  with  

70 distinct Euler characters

195 have freely acting symmetries, 37 different finite groups
from        to Braun (2010)

Candelas, He, Hübsch, Lutken, Lynker, 
Schimmrigk, Berglund (1986-1990)

1⇥ 1
<latexit sha1_base64="/3+jVNIicQikdiSebKwNAEfYnSA=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzEOSJcxOZpMhM7PLTK8QQr7CiwdFvPo53vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcJzyUNGBFrFgFJ30GHRRKG5J0CtX/Ko/B1klQU4qkKPeK391+wnLFNfIJLW2E/gphhNqUDDJp6VuZnlK2YgOeMdRTd2acDI/eErOnNIncWJcaSRz9ffEhCprxypynYri0C57M/E/r5NhfB1OhE4z5JotFsWZJJiQ2fekLwxnKMeOUGaEu5WwITWUocuo5EIIll9eJc2LauD4/WWldpPHUYQTOIVzCOAKanAHdWgAAwXP8ApvnvFevHfvY9Fa8PKZY/gD7/MH8LiP1A==</latexit><latexit sha1_base64="/3+jVNIicQikdiSebKwNAEfYnSA=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzEOSJcxOZpMhM7PLTK8QQr7CiwdFvPo53vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcJzyUNGBFrFgFJ30GHRRKG5J0CtX/Ko/B1klQU4qkKPeK391+wnLFNfIJLW2E/gphhNqUDDJp6VuZnlK2YgOeMdRTd2acDI/eErOnNIncWJcaSRz9ffEhCprxypynYri0C57M/E/r5NhfB1OhE4z5JotFsWZJJiQ2fekLwxnKMeOUGaEu5WwITWUocuo5EIIll9eJc2LauD4/WWldpPHUYQTOIVzCOAKanAHdWgAAwXP8ApvnvFevHfvY9Fa8PKZY/gD7/MH8LiP1A==</latexit><latexit sha1_base64="/3+jVNIicQikdiSebKwNAEfYnSA=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzEOSJcxOZpMhM7PLTK8QQr7CiwdFvPo53vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcJzyUNGBFrFgFJ30GHRRKG5J0CtX/Ko/B1klQU4qkKPeK391+wnLFNfIJLW2E/gphhNqUDDJp6VuZnlK2YgOeMdRTd2acDI/eErOnNIncWJcaSRz9ffEhCprxypynYri0C57M/E/r5NhfB1OhE4z5JotFsWZJJiQ2fekLwxnKMeOUGaEu5WwITWUocuo5EIIll9eJc2LauD4/WWldpPHUYQTOIVzCOAKanAHdWgAAwXP8ApvnvFevHfvY9Fa8PKZY/gD7/MH8LiP1A==</latexit><latexit sha1_base64="/3+jVNIicQikdiSebKwNAEfYnSA=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzEOSJcxOZpMhM7PLTK8QQr7CiwdFvPo53vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcJzyUNGBFrFgFJ30GHRRKG5J0CtX/Ko/B1klQU4qkKPeK391+wnLFNfIJLW2E/gphhNqUDDJp6VuZnlK2YgOeMdRTd2acDI/eErOnNIncWJcaSRz9ffEhCprxypynYri0C57M/E/r5NhfB1OhE4z5JotFsWZJJiQ2fekLwxnKMeOUGaEu5WwITWUocuo5EIIll9eJc2LauD4/WWldpPHUYQTOIVzCOAKanAHdWgAAwXP8ApvnvFevHfvY9Fa8PKZY/gD7/MH8LiP1A==</latexit>

12⇥ 15
<latexit sha1_base64="hyuKckMkXyzAaNCwKidL9mimXsA=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KklR9Fj04rGC/YA0lM120y7dbMLuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk04y2WyER3Q2q4FIq3UKDk3VRzGoeSd8Lx3czvPHFtRKIecZLyIKZDJSLBKFrJ9+o9FDE3xLvqV6puzZ2DrBKvIFUo0OxXvnqDhGUxV8gkNcb33BSDnGoUTPJpuZcZnlI2pkPuW6qo3RPk85On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/zM4xuglyoNEOu2GJRlEmCCZn9TwZCc4ZyYgllWthbCRtRTRnalMo2BG/55VXSrtc8yx8uq43bIo4SnMIZXIAH19CAe2hCCxgk8Ayv8Oag8+K8Ox+L1jWnmDmBP3A+fwDbwJBP</latexit><latexit sha1_base64="hyuKckMkXyzAaNCwKidL9mimXsA=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KklR9Fj04rGC/YA0lM120y7dbMLuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk04y2WyER3Q2q4FIq3UKDk3VRzGoeSd8Lx3czvPHFtRKIecZLyIKZDJSLBKFrJ9+o9FDE3xLvqV6puzZ2DrBKvIFUo0OxXvnqDhGUxV8gkNcb33BSDnGoUTPJpuZcZnlI2pkPuW6qo3RPk85On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/zM4xuglyoNEOu2GJRlEmCCZn9TwZCc4ZyYgllWthbCRtRTRnalMo2BG/55VXSrtc8yx8uq43bIo4SnMIZXIAH19CAe2hCCxgk8Ayv8Oag8+K8Ox+L1jWnmDmBP3A+fwDbwJBP</latexit><latexit sha1_base64="hyuKckMkXyzAaNCwKidL9mimXsA=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KklR9Fj04rGC/YA0lM120y7dbMLuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk04y2WyER3Q2q4FIq3UKDk3VRzGoeSd8Lx3czvPHFtRKIecZLyIKZDJSLBKFrJ9+o9FDE3xLvqV6puzZ2DrBKvIFUo0OxXvnqDhGUxV8gkNcb33BSDnGoUTPJpuZcZnlI2pkPuW6qo3RPk85On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/zM4xuglyoNEOu2GJRlEmCCZn9TwZCc4ZyYgllWthbCRtRTRnalMo2BG/55VXSrtc8yx8uq43bIo4SnMIZXIAH19CAe2hCCxgk8Ayv8Oag8+K8Ox+L1jWnmDmBP3A+fwDbwJBP</latexit><latexit sha1_base64="hyuKckMkXyzAaNCwKidL9mimXsA=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KklR9Fj04rGC/YA0lM120y7dbMLuRCihP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk04y2WyER3Q2q4FIq3UKDk3VRzGoeSd8Lx3czvPHFtRKIecZLyIKZDJSLBKFrJ9+o9FDE3xLvqV6puzZ2DrBKvIFUo0OxXvnqDhGUxV8gkNcb33BSDnGoUTPJpuZcZnlI2pkPuW6qo3RPk85On5NwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/zM4xuglyoNEOu2GJRlEmCCZn9TwZCc4ZyYgllWthbCRtRTRnalMo2BG/55VXSrtc8yx8uq43bIo4SnMIZXIAH19CAe2hCCxgk8Ayv8Oag8+K8Ox+L1jWnmDmBP3A+fwDbwJBP</latexit>

qra 2 [0, 5]
<latexit sha1_base64="sAEfRid0WP+jLiw9DU2/WVfGMQM=">AAAB9HicbZDLSgMxFIbPeK31VnXpJlgEF1JmRNFl0Y3LCvYC07Fk0kwbmkmmSaZQhj6HGxeKuPVh3Pk2pu0stPWHwMd/zuGc/GHCmTau++2srK6tb2wWtorbO7t7+6WDw4aWqSK0TiSXqhViTTkTtG6Y4bSVKIrjkNNmOLib1psjqjST4tGMExrEuCdYxAg21gqGHfyk2kz47vlV0CmV3Yo7E1oGL4cy5Kp1Sl/triRpTIUhHGvte25iggwrwwink2I71TTBZIB71LcocEx1kM2OnqBT63RRJJV9wqCZ+3siw7HW4zi0nTE2fb1Ym5r/1fzURDdBxkSSGirIfFGUcmQkmiaAukxRYvjYAiaK2VsR6WOFibE5FW0I3uKXl6FxUfEsP1yWq7d5HAU4hhM4Aw+uoQr3UIM6EBjCM7zCmzNyXpx352PeuuLkM0fwR87nD9ctkXk=</latexit><latexit sha1_base64="sAEfRid0WP+jLiw9DU2/WVfGMQM=">AAAB9HicbZDLSgMxFIbPeK31VnXpJlgEF1JmRNFl0Y3LCvYC07Fk0kwbmkmmSaZQhj6HGxeKuPVh3Pk2pu0stPWHwMd/zuGc/GHCmTau++2srK6tb2wWtorbO7t7+6WDw4aWqSK0TiSXqhViTTkTtG6Y4bSVKIrjkNNmOLib1psjqjST4tGMExrEuCdYxAg21gqGHfyk2kz47vlV0CmV3Yo7E1oGL4cy5Kp1Sl/triRpTIUhHGvte25iggwrwwink2I71TTBZIB71LcocEx1kM2OnqBT63RRJJV9wqCZ+3siw7HW4zi0nTE2fb1Ym5r/1fzURDdBxkSSGirIfFGUcmQkmiaAukxRYvjYAiaK2VsR6WOFibE5FW0I3uKXl6FxUfEsP1yWq7d5HAU4hhM4Aw+uoQr3UIM6EBjCM7zCmzNyXpx352PeuuLkM0fwR87nD9ctkXk=</latexit><latexit sha1_base64="sAEfRid0WP+jLiw9DU2/WVfGMQM=">AAAB9HicbZDLSgMxFIbPeK31VnXpJlgEF1JmRNFl0Y3LCvYC07Fk0kwbmkmmSaZQhj6HGxeKuPVh3Pk2pu0stPWHwMd/zuGc/GHCmTau++2srK6tb2wWtorbO7t7+6WDw4aWqSK0TiSXqhViTTkTtG6Y4bSVKIrjkNNmOLib1psjqjST4tGMExrEuCdYxAg21gqGHfyk2kz47vlV0CmV3Yo7E1oGL4cy5Kp1Sl/triRpTIUhHGvte25iggwrwwink2I71TTBZIB71LcocEx1kM2OnqBT63RRJJV9wqCZ+3siw7HW4zi0nTE2fb1Ym5r/1fzURDdBxkSSGirIfFGUcmQkmiaAukxRYvjYAiaK2VsR6WOFibE5FW0I3uKXl6FxUfEsP1yWq7d5HAU4hhM4Aw+uoQr3UIM6EBjCM7zCmzNyXpx352PeuuLkM0fwR87nD9ctkXk=</latexit><latexit sha1_base64="sAEfRid0WP+jLiw9DU2/WVfGMQM=">AAAB9HicbZDLSgMxFIbPeK31VnXpJlgEF1JmRNFl0Y3LCvYC07Fk0kwbmkmmSaZQhj6HGxeKuPVh3Pk2pu0stPWHwMd/zuGc/GHCmTau++2srK6tb2wWtorbO7t7+6WDw4aWqSK0TiSXqhViTTkTtG6Y4bSVKIrjkNNmOLib1psjqjST4tGMExrEuCdYxAg21gqGHfyk2kz47vlV0CmV3Yo7E1oGL4cy5Kp1Sl/triRpTIUhHGvte25iggwrwwink2I71TTBZIB71LcocEx1kM2OnqBT63RRJJV9wqCZ+3siw7HW4zi0nTE2fb1Ym5r/1fzURDdBxkSSGirIfFGUcmQkmiaAukxRYvjYAiaK2VsR6WOFibE5FW0I3uKXl6FxUfEsP1yWq7d5HAU4hhM4Aw+uoQr3UIM6EBjCM7zCmzNyXpx352PeuuLkM0fwR87nD9ctkXk=</latexit>

0  h1,1  19 , 0  h1,2  101
<latexit sha1_base64="qeLYKbUuUoLkjo7BISXNlU4poOk=">AAACF3icbZDLSgMxFIYz9VbH26hLN8EiuChlUgR1V3TjsoK9QDuWTJppQzOZIckIZWifwo2v4saFIm5159uYTmehrQcCH/9/Difn92POlHbdb6uwsrq2vlHctLe2d3b3nP2DpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb80fXMbz1QqVgk7vQ4pl6IB4IFjGBtpJ5TcWGXUzi8T1EZTTJGl3Bantq/jGpuuKjnlNyKmxVcBpRDCeRV7zlf3X5EkpAKTThWqoPcWHsplpoRTid2N1E0xmSEB7RjUOCQKi/N7prAE6P0YRBJ84SGmfp7IsWhUuPQN50h1kO16M3E/7xOooMLL2UiTjQVZL4oSDjUEZyFBPtMUqL52AAmkpm/QjLEEhNtorRNCGjx5GVoVivI8O1ZqXaVx1EER+AYnAIEzkEN3IA6aAACHsEzeAVv1pP1Yr1bH/PWgpXPHII/ZX3+AAalm3I=</latexit><latexit sha1_base64="qeLYKbUuUoLkjo7BISXNlU4poOk=">AAACF3icbZDLSgMxFIYz9VbH26hLN8EiuChlUgR1V3TjsoK9QDuWTJppQzOZIckIZWifwo2v4saFIm5159uYTmehrQcCH/9/Difn92POlHbdb6uwsrq2vlHctLe2d3b3nP2DpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb80fXMbz1QqVgk7vQ4pl6IB4IFjGBtpJ5TcWGXUzi8T1EZTTJGl3Bantq/jGpuuKjnlNyKmxVcBpRDCeRV7zlf3X5EkpAKTThWqoPcWHsplpoRTid2N1E0xmSEB7RjUOCQKi/N7prAE6P0YRBJ84SGmfp7IsWhUuPQN50h1kO16M3E/7xOooMLL2UiTjQVZL4oSDjUEZyFBPtMUqL52AAmkpm/QjLEEhNtorRNCGjx5GVoVivI8O1ZqXaVx1EER+AYnAIEzkEN3IA6aAACHsEzeAVv1pP1Yr1bH/PWgpXPHII/ZX3+AAalm3I=</latexit><latexit sha1_base64="qeLYKbUuUoLkjo7BISXNlU4poOk=">AAACF3icbZDLSgMxFIYz9VbH26hLN8EiuChlUgR1V3TjsoK9QDuWTJppQzOZIckIZWifwo2v4saFIm5159uYTmehrQcCH/9/Difn92POlHbdb6uwsrq2vlHctLe2d3b3nP2DpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb80fXMbz1QqVgk7vQ4pl6IB4IFjGBtpJ5TcWGXUzi8T1EZTTJGl3Bantq/jGpuuKjnlNyKmxVcBpRDCeRV7zlf3X5EkpAKTThWqoPcWHsplpoRTid2N1E0xmSEB7RjUOCQKi/N7prAE6P0YRBJ84SGmfp7IsWhUuPQN50h1kO16M3E/7xOooMLL2UiTjQVZL4oSDjUEZyFBPtMUqL52AAmkpm/QjLEEhNtorRNCGjx5GVoVivI8O1ZqXaVx1EER+AYnAIEzkEN3IA6aAACHsEzeAVv1pP1Yr1bH/PWgpXPHII/ZX3+AAalm3I=</latexit><latexit sha1_base64="qeLYKbUuUoLkjo7BISXNlU4poOk=">AAACF3icbZDLSgMxFIYz9VbH26hLN8EiuChlUgR1V3TjsoK9QDuWTJppQzOZIckIZWifwo2v4saFIm5159uYTmehrQcCH/9/Difn92POlHbdb6uwsrq2vlHctLe2d3b3nP2DpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb80fXMbz1QqVgk7vQ4pl6IB4IFjGBtpJ5TcWGXUzi8T1EZTTJGl3Bantq/jGpuuKjnlNyKmxVcBpRDCeRV7zlf3X5EkpAKTThWqoPcWHsplpoRTid2N1E0xmSEB7RjUOCQKi/N7prAE6P0YRBJ84SGmfp7IsWhUuPQN50h1kO16M3E/7xOooMLL2UiTjQVZL4oSDjUEZyFBPtMUqL52AAmkpm/QjLEEhNtorRNCGjx5GVoVivI8O1ZqXaVx1EER+AYnAIEzkEN3IA6aAACHsEzeAVv1pP1Yr1bH/PWgpXPHII/ZX3+AAalm3I=</latexit>

� 2 [�200, 0]
<latexit sha1_base64="boFGNx2z6mTZUai6ASG7H9Yt9Hs=">AAAB+HicbZDLSsNAFIZP6q3WS6Mu3QSL4ELLpAi6LLpxWcFeIAllMp20QyeTMDMRauiTuHGhiFsfxZ1v47TNQlt/GPj4zzmcM3+YcqY0Qt9WaW19Y3OrvF3Z2d3br9oHhx2VZJLQNkl4InshVpQzQduaaU57qaQ4DjnthuPbWb37SKViiXjQk5QGMR4KFjGCtbH6dtUnI+Yz4V00EDpHQd+uoTqay1kFt4AaFGr17S9/kJAspkITjpXyXJTqIMdSM8LptOJniqaYjPGQegYFjqkK8vnhU+fUOAMnSqR5Qjtz9/dEjmOlJnFoOmOsR2q5NjP/q3mZjq6DnIk001SQxaIo445OnFkKzoBJSjSfGMBEMnOrQ0ZYYqJNVhUTgrv85VXoNOqu4fvLWvOmiKMMx3ACZ+DCFTThDlrQBgIZPMMrvFlP1ov1bn0sWktWMXMEf2R9/gDFpZHX</latexit><latexit sha1_base64="boFGNx2z6mTZUai6ASG7H9Yt9Hs=">AAAB+HicbZDLSsNAFIZP6q3WS6Mu3QSL4ELLpAi6LLpxWcFeIAllMp20QyeTMDMRauiTuHGhiFsfxZ1v47TNQlt/GPj4zzmcM3+YcqY0Qt9WaW19Y3OrvF3Z2d3br9oHhx2VZJLQNkl4InshVpQzQduaaU57qaQ4DjnthuPbWb37SKViiXjQk5QGMR4KFjGCtbH6dtUnI+Yz4V00EDpHQd+uoTqay1kFt4AaFGr17S9/kJAspkITjpXyXJTqIMdSM8LptOJniqaYjPGQegYFjqkK8vnhU+fUOAMnSqR5Qjtz9/dEjmOlJnFoOmOsR2q5NjP/q3mZjq6DnIk001SQxaIo445OnFkKzoBJSjSfGMBEMnOrQ0ZYYqJNVhUTgrv85VXoNOqu4fvLWvOmiKMMx3ACZ+DCFTThDlrQBgIZPMMrvFlP1ov1bn0sWktWMXMEf2R9/gDFpZHX</latexit><latexit sha1_base64="boFGNx2z6mTZUai6ASG7H9Yt9Hs=">AAAB+HicbZDLSsNAFIZP6q3WS6Mu3QSL4ELLpAi6LLpxWcFeIAllMp20QyeTMDMRauiTuHGhiFsfxZ1v47TNQlt/GPj4zzmcM3+YcqY0Qt9WaW19Y3OrvF3Z2d3br9oHhx2VZJLQNkl4InshVpQzQduaaU57qaQ4DjnthuPbWb37SKViiXjQk5QGMR4KFjGCtbH6dtUnI+Yz4V00EDpHQd+uoTqay1kFt4AaFGr17S9/kJAspkITjpXyXJTqIMdSM8LptOJniqaYjPGQegYFjqkK8vnhU+fUOAMnSqR5Qjtz9/dEjmOlJnFoOmOsR2q5NjP/q3mZjq6DnIk001SQxaIo445OnFkKzoBJSjSfGMBEMnOrQ0ZYYqJNVhUTgrv85VXoNOqu4fvLWvOmiKMMx3ACZ+DCFTThDlrQBgIZPMMrvFlP1ov1bn0sWktWMXMEf2R9/gDFpZHX</latexit><latexit sha1_base64="boFGNx2z6mTZUai6ASG7H9Yt9Hs=">AAAB+HicbZDLSsNAFIZP6q3WS6Mu3QSL4ELLpAi6LLpxWcFeIAllMp20QyeTMDMRauiTuHGhiFsfxZ1v47TNQlt/GPj4zzmcM3+YcqY0Qt9WaW19Y3OrvF3Z2d3br9oHhx2VZJLQNkl4InshVpQzQduaaU57qaQ4DjnthuPbWb37SKViiXjQk5QGMR4KFjGCtbH6dtUnI+Yz4V00EDpHQd+uoTqay1kFt4AaFGr17S9/kJAspkITjpXyXJTqIMdSM8LptOJniqaYjPGQegYFjqkK8vnhU+fUOAMnSqR5Qjtz9/dEjmOlJnFoOmOsR2q5NjP/q3mZjq6DnIk001SQxaIo445OnFkKzoBJSjSfGMBEMnOrQ0ZYYqJNVhUTgrv85VXoNOqu4fvLWvOmiKMMx3ACZ+DCFTThDlrQBgIZPMMrvFlP1ov1bn0sWktWMXMEf2R9/gDFpZHX</latexit>

Z2
<latexit sha1_base64="vhwCRRL/OJd4lIAcfZfqnVXAK8M=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZki6LLoxmUF+8B2KJn0tg3NZMYkUyhDv8ONC0Xc+jHu/Bsz7Sy09UDgcM693JMTxIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ihRDBssEpFqB1Sj4BIbhhuB7VghDQOBrWB8m/mtCSrNI/lgpjH6IR1KPuCMGiv53ZCaURCkj7Netdgrld2KOwdZJV5OypCj3it9dfsRS0KUhgmqdcdzY+OnVBnOBM6K3URjTNmYDrFjqaQhaj+dh56Rc6v0ySBS9klD5urvjZSGWk/DwE5mIfWyl4n/eZ3EDK79lMs4MSjZ4tAgEcREJGuA9LlCZsTUEsoUt1kJG1FFmbE9ZSV4y19eJc1qxbP8/rJcu8nrKMApnMEFeHAFNbiDOjSAwRM8wyu8ORPnxXl3Phaja06+cwJ/4Hz+ADC/kbM=</latexit><latexit sha1_base64="vhwCRRL/OJd4lIAcfZfqnVXAK8M=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZki6LLoxmUF+8B2KJn0tg3NZMYkUyhDv8ONC0Xc+jHu/Bsz7Sy09UDgcM693JMTxIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ihRDBssEpFqB1Sj4BIbhhuB7VghDQOBrWB8m/mtCSrNI/lgpjH6IR1KPuCMGiv53ZCaURCkj7Netdgrld2KOwdZJV5OypCj3it9dfsRS0KUhgmqdcdzY+OnVBnOBM6K3URjTNmYDrFjqaQhaj+dh56Rc6v0ySBS9klD5urvjZSGWk/DwE5mIfWyl4n/eZ3EDK79lMs4MSjZ4tAgEcREJGuA9LlCZsTUEsoUt1kJG1FFmbE9ZSV4y19eJc1qxbP8/rJcu8nrKMApnMEFeHAFNbiDOjSAwRM8wyu8ORPnxXl3Phaja06+cwJ/4Hz+ADC/kbM=</latexit><latexit sha1_base64="vhwCRRL/OJd4lIAcfZfqnVXAK8M=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZki6LLoxmUF+8B2KJn0tg3NZMYkUyhDv8ONC0Xc+jHu/Bsz7Sy09UDgcM693JMTxIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ihRDBssEpFqB1Sj4BIbhhuB7VghDQOBrWB8m/mtCSrNI/lgpjH6IR1KPuCMGiv53ZCaURCkj7Netdgrld2KOwdZJV5OypCj3it9dfsRS0KUhgmqdcdzY+OnVBnOBM6K3URjTNmYDrFjqaQhaj+dh56Rc6v0ySBS9klD5urvjZSGWk/DwE5mIfWyl4n/eZ3EDK79lMs4MSjZ4tAgEcREJGuA9LlCZsTUEsoUt1kJG1FFmbE9ZSV4y19eJc1qxbP8/rJcu8nrKMApnMEFeHAFNbiDOjSAwRM8wyu8ORPnxXl3Phaja06+cwJ/4Hz+ADC/kbM=</latexit><latexit sha1_base64="vhwCRRL/OJd4lIAcfZfqnVXAK8M=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZki6LLoxmUF+8B2KJn0tg3NZMYkUyhDv8ONC0Xc+jHu/Bsz7Sy09UDgcM693JMTxIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ihRDBssEpFqB1Sj4BIbhhuB7VghDQOBrWB8m/mtCSrNI/lgpjH6IR1KPuCMGiv53ZCaURCkj7Netdgrld2KOwdZJV5OypCj3it9dfsRS0KUhgmqdcdzY+OnVBnOBM6K3URjTNmYDrFjqaQhaj+dh56Rc6v0ySBS9klD5urvjZSGWk/DwE5mIfWyl4n/eZ3EDK79lMs4MSjZ4tAgEcREJGuA9LlCZsTUEsoUt1kJG1FFmbE9ZSV4y19eJc1qxbP8/rJcu8nrKMApnMEFeHAFNbiDOjSAwRM8wyu8ORPnxXl3Phaja06+cwJ/4Hz+ADC/kbM=</latexit>

Z8 oH8
<latexit sha1_base64="w7JaRli0ImmYdUe+gf3CNgYQg0M=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwVVJRLDLopsuK9gHNiFMppN26OTBzEQoIRt/xY0LRdz6Ge78GydtFtp6YOBwzr1z7z1+wplUlvVtVNbWNza3qtu1nd29/QPz8Kgn41QQ2iUxj8XAx5JyFtGuYorTQSIoDn1O+/70tvD7j1RIFkf3apZQN8TjiAWMYKUlzzxxQqwmvp895F7TEYqFVKK21/TMutWw5kCrxC5JHUp0PPPLGcUkDWmkCMdSDm0rUW6G9ZeE07zmpJImmEzxmA41jbAe5GbzA3J0rpURCmKhX6TQXP3dkeFQylno68piXbnsFeJ/3jBVQdPNWJSkikZkMShIOVIxKtJAIyYoUXymCSaC6V0RmWCBidKZ1XQI9vLJq6R32bA1v7uqt27KOKpwCmdwATZcQwva0IEuEMjhGV7hzXgyXox342NRWjHKnmP4A+PzB1EBljM=</latexit><latexit sha1_base64="w7JaRli0ImmYdUe+gf3CNgYQg0M=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwVVJRLDLopsuK9gHNiFMppN26OTBzEQoIRt/xY0LRdz6Ge78GydtFtp6YOBwzr1z7z1+wplUlvVtVNbWNza3qtu1nd29/QPz8Kgn41QQ2iUxj8XAx5JyFtGuYorTQSIoDn1O+/70tvD7j1RIFkf3apZQN8TjiAWMYKUlzzxxQqwmvp895F7TEYqFVKK21/TMutWw5kCrxC5JHUp0PPPLGcUkDWmkCMdSDm0rUW6G9ZeE07zmpJImmEzxmA41jbAe5GbzA3J0rpURCmKhX6TQXP3dkeFQylno68piXbnsFeJ/3jBVQdPNWJSkikZkMShIOVIxKtJAIyYoUXymCSaC6V0RmWCBidKZ1XQI9vLJq6R32bA1v7uqt27KOKpwCmdwATZcQwva0IEuEMjhGV7hzXgyXox342NRWjHKnmP4A+PzB1EBljM=</latexit><latexit sha1_base64="w7JaRli0ImmYdUe+gf3CNgYQg0M=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwVVJRLDLopsuK9gHNiFMppN26OTBzEQoIRt/xY0LRdz6Ge78GydtFtp6YOBwzr1z7z1+wplUlvVtVNbWNza3qtu1nd29/QPz8Kgn41QQ2iUxj8XAx5JyFtGuYorTQSIoDn1O+/70tvD7j1RIFkf3apZQN8TjiAWMYKUlzzxxQqwmvp895F7TEYqFVKK21/TMutWw5kCrxC5JHUp0PPPLGcUkDWmkCMdSDm0rUW6G9ZeE07zmpJImmEzxmA41jbAe5GbzA3J0rpURCmKhX6TQXP3dkeFQylno68piXbnsFeJ/3jBVQdPNWJSkikZkMShIOVIxKtJAIyYoUXymCSaC6V0RmWCBidKZ1XQI9vLJq6R32bA1v7uqt27KOKpwCmdwATZcQwva0IEuEMjhGV7hzXgyXox342NRWjHKnmP4A+PzB1EBljM=</latexit><latexit sha1_base64="w7JaRli0ImmYdUe+gf3CNgYQg0M=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwVVJRLDLopsuK9gHNiFMppN26OTBzEQoIRt/xY0LRdz6Ge78GydtFtp6YOBwzr1z7z1+wplUlvVtVNbWNza3qtu1nd29/QPz8Kgn41QQ2iUxj8XAx5JyFtGuYorTQSIoDn1O+/70tvD7j1RIFkf3apZQN8TjiAWMYKUlzzxxQqwmvp895F7TEYqFVKK21/TMutWw5kCrxC5JHUp0PPPLGcUkDWmkCMdSDm0rUW6G9ZeE07zmpJImmEzxmA41jbAe5GbzA3J0rpURCmKhX6TQXP3dkeFQylno68piXbnsFeJ/3jBVQdPNWJSkikZkMShIOVIxKtJAIyYoUXymCSaC6V0RmWCBidKZ1XQI9vLJq6R32bA1v7uqt27KOKpwCmdwATZcQwva0IEuEMjhGV7hzXgyXox342NRWjHKnmP4A+PzB1EBljM=</latexit>

Most of  these are elliptically fibered
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Figure 1: The Hodge numbers of the CICY manifolds. The horizontal axis corresponds

to � = 2(h11�h21), while the vertical axis corresponds to h11+h21. While inappropriate

to the CICY’s the scale of the plot corresponds to the plots that come later.

The first thing to note is that a weighted projective space is an orbifold of an ordinary

projective space. This is seen most easily by setting xj = y
kj
j , so that the scaling relation

becomes (y1, . . . , y5) ' l(y1, . . . , y5), however we must also identify yj ' e2⇡i/kjyj. Thus

we have

P4
k =

P4

Zk1⇥ . . .⇥ Zk5

,

so hypersurfaces in weighted projective spaces are a type of hybrid between the hypersurfaces

in ordinary projective spaces and the orbifolds. We may seek to construct CY hypersurfaces

by choosing a polynomial, p(x), homogeneous of degree d =
P

j kj, under the scaling. It

seems that there will be many possible choices of weights, since we can choose the weights,

and these determine d. There are indeed many ways to choose the weights, but the number

3

h1,1 � h1,2
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Feedforward Neural Networks
Input vector

Neuron

Schematic representation of  feedforward neural network. The top figure denotes the perceptron (a single neuron), 
the bottom, the multiple neurons and multiple layers of  the neural network.



Support Vector Machines

SVM separation boundary calculated using our cvxopt implementation with a randomly generated data set.



Genetic Algorithms

Generate inital population
Evaluate score for each 

entry in population

Create new population by

selection, breeding and 

mutation

Used to fix hyperparameters (e.g., number of  hidden layers and neurons in them, activation functions, learning 
rates and dropout) in neural network.



Machine Learning h1,1

• Since we know                                  from intersection matrix, we choose to 
machine learn 

� = 2(h1,1 � h1,2)
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h1,1 2 [0, 19]
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• Use Neural Network classifier/regressor and SVM regressor

Bull, He, VJ, Mishra (2018)

• Previous efforts discriminated large and small h1,1
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Machine Learning h1,1

a sigmoid activation. Each data run (training and validation) executed on a laptop computer

using a CPU in under ten minutes.

Figure 1: Hodge learning curves generated by averaging over 100 di↵erent random cross validation

splits using a cluster. The accuracy quoted for the 19 channel (since h
1,1 2 [1, 19]) neural network

classifier is for complete agreement across all 19 channels.

Accuracy RMS R2
WLB WUB

SVM Reg 0.70 ± 0.02 0.53± 0.06 0.78 ± 0.08 0.642 0.697

NN Reg 0.78 ± 0.02 0.46 ± 0.05 0.72 ± 0.06 0.742 0.791

NN Class 0.88 ± 0.02 - - 0.847 0.886

Table 2: Summary of the highest validation accuracy achieved for predicting the Hodge numbers.

WLB (WUB) stands for Wilson Upper (Lower) Bound. The dashes are because the NN classifer

returns a binary 0/1 but RMS and R
2 are defined for continuous outputs. We also include 99%

Wilson confidence interval evaluated with a validation size of 0.25 the total data (1972). Errors

were obtained by averaging over 100 di↵erent random cross validation splits using a cluster.

4.1.2 Outcomes

Our results are summarised in Figures 1 and 2 and in Table 2. Clearly, the validation accuracy

improves as the training set increases in size. The histograms in Figure 2 show that the model

slightly overpredicts at larger values of h1,1.

We contrast our findings with the preliminary results of a previous case study by one of the

authors [1,2] in which a Mathematica implemented neural network of the multi-layer perceptron

7

A CICY quotient might admit further discrete symmetries that survive the breaking of the

string gauge group to the Standard Model gauge group. These in particular are phenomeno-

logically interesting since they may address questions related to the stability of the proton via

R-symmetries and the structure of the mixing matrices via non-Abelian discrete symmetries.

A classification of the remnant symmetries of the 1695 CICY quotients found that 381 of them

had nontrivial remnant symmetry groups [12], leading to a more balanced dataset based on

symmetry. We will however focus on the first symmetry dataset available at [23] purely on the

grounds that the size of the dataset is itself much larger than the latter dataset.

3 Benchmarking Models

In order to benchmark and compare the performance of each machine learning approach we

adapt in this work, we use cross validation and a range of other statistical measures. Cross

validation means we take our entire data set and split it into training and validation sets. The

training set is used to train models whereas the validation set remains entirely unseen by the

machine learning algorithm. Accuracy measures computed on the training set thus give an indi-

cation of the model’s performance in recalling what it has learned. More importantly, accuracy

measures computed against the validation set give an indication of the models performance as

a predictor.

For regression problems we make use of both root mean square error (RMS) and the coe�-

cient of determination (R2) to assess performance:

RMS :=
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where yi and y
pred
i stand for actual and predicted values, with i taking values in 1 to N , and ȳ

stands for the average of all yi. A rudimentary binary accuracy is also computed by rounding

the predicted value and counting the results in agreement with the data. As this accuracy is

a binary success or failure, we can use this measure to calculate a Wilson confidence interval.
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where p is the probability of a successful prediction, n the number of entries in the dataset, and

z the probit of the normal distribution (e.g., for a 99% confidence interval, z = 2.575829). The

upper and the lower bounds of this interval are denoted by WUB and WLB respectively.

For classifiers, we have addressed two distinct types of problems in this paper, namely

balanced and imbalanced problems. Balanced problems are where the number of elements in

the true and false classes are comparable in size. Imbalanced problems, or the so called needle
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a binary success or failure, we can use this measure to calculate a Wilson confidence interval.

Define

!± :=
p+ z2

2n

1 + z2
n

± z

1 + z2
n

✓
p(1� p)

n
+

z
2

4n2

◆1/2

, (4)

where p is the probability of a successful prediction, n the number of entries in the dataset, and

z the probit of the normal distribution (e.g., for a 99% confidence interval, z = 2.575829). The

upper and the lower bounds of this interval are denoted by WUB and WLB respectively.

For classifiers, we have addressed two distinct types of problems in this paper, namely

balanced and imbalanced problems. Balanced problems are where the number of elements in

the true and false classes are comparable in size. Imbalanced problems, or the so called needle

4

Wilson upper/lower bounds 
(WUB/WLB)

actual value

predicted value
probability of  successful prediction

probit
number of  samples

yi

ȳ

ypredi

p

z

n
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average value

Bull, He, VJ, Mishra (2018)



Machine Learning h1,1

Figure 2: The frequencies of h1,1 as 19 channels (validation sets of size 20% and 80% respectively

of the total data), for the neural network classifier (top row) and regressor (middle row) and the

SVM regressor (bottom row).
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NN classifier

NN regressor

SVM regressor

20% 80%

Bull, He, VJ, Mishra (2018)



Quo Vadis?

The Good

The Bad

The Possibly 
Beautiful

During the last 10-15 years, several international collaborations 
have computed geometrical and physical quantities and compiled 
them in vast databases that partially describe the string landscape

Computations are hard, especially for a comprehensive treatment:  
dual cone algorithm (exponential), triangulation (exponential), 
Gröbner basis (double exponential), how to construct stable bundles 
over Calabi–Yau manifolds constructed from half  a billion polytopes?

Borrow techniques from “Big Data”



Machine Learning CICYs
• Subsequent work on topology of  CICYs

Bull, He, VJ, Mishra (2019)

Erbin, Finotello (2020)

• Metrics on CICYs

Ashmore, Ovrut, He (2019)

Anderson, Gerdes, Gray, Krippendorf, Raghuram, Rühle (2020)

Douglas, Lakshminarasimhan, Qi (2020)

VJ, Mayorga Peña, Mishra (2020)

— not known analytically

— needed, e.g., to compute mass of  electron



Calabi–Yau Threefolds

Kreuzer–Skarke

Q

S

x

x

x

Elliptically fibered

CICYs

• Reid’s fantasy: space of  Calabi–Yaus is connected



Knot Theory



Dramatis Personae 

Knot: ; e.g.,S1 ⇢ S3
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Dramatis Personae 

Knot: S1 ⇢ S3
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; e.g.,



Dramatis Personae 

Knot:

Jones polynomial:

S1 ⇢ S3
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Jones (1985) 

topological invariant: independent of  how the knot is drawn

Question: how to calculate these?

Answer: quantum field theory!
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Chern–Simons Theory

• Focus on topology instead of  geometry

• What is the simplest non-trivial quantum field theory?

genus 0
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— Chern–Simons theory in three dimensions
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Knot: ; e.g.,
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S1 ⇢ S3
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Hyperbolic volume: volume of              is another knot invariant
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Remark 1.3 In [GL, Section 3.2] using properties of R-matrices, Le and the
first author gave a canonical multisum formula for the colored Jones function of
a knot which is presented as the closure of a braid. Specifically, if the braid has
c crossings, then the multisum formula involves summation over c variables. In
the case of the knot K0 , it involves summation over 18 variables, which makes
it intractable, symbolically or numerically.

Remark 1.4 The well-known 3-term skein relation for the Jones polynomial

q
( )

− q−1
( )

= (q1/2 − q−1/2)
( )

allows one to compute naively the Jones polynomial of a knot with c crossings
in 2c steps. By taking parallels, it allows one to compute the n-th colored Jones
polynomial of a knot in 2cn

2

steps. For n = 500, and c = 18, this requires

218×5002 ≈ 101354634

terms.

2 Numerical confirmation of the HVC for K0

Let

VC(n) =
2π

n
log JK0

(n)|
q=e

2πi
n
. (2)

Using a fortran program by the second author (presented in the Appendix),
we have computed VC(n) for n up to 502.

Here is a table of Re(VC(n)) versus n:

50 100 150 200 250
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Simplest hyperbolic 
non-two bridge knot, 
has 18 crossings

Garoufalidis, Lan (2004)
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non-2-bridge knot k31 is the Pretzel knot (−2, 3, 7) requiring 3 ideal tetrahedra,
with same volume as the 52 knot; see [CDW]. However, the colored Jones
function of k31 is rather complicated.

K0 has braid presentation b2(ab)8 , where a = σ1, b = σ2 are the standard
generators of the braid group with 3 strands.

Figure 1: The knot K0 , and an involution which negates its meridian and longitude.

K0 is a positive hyperbolic knot with 18 crossings. SnapPea identifies K0 with
the knot k43 of the new census, also known as m082 in the old census.

The notation k43 reveals that K0 is a hyperbolic knot whose complement can
be triangulated with 4 hyperbolic ideal tetrahedra. It is the simplest hyperbolic
non-2-bridge knot, as was discovered by [CDW].

K0 belongs to a family of twisted torus knots, and this family populates the
census of simplest hyperbolic manifolds other than the family of 2-bridge knots.

The Dowker code of K0 is:

18 1 14 −16 18 −20 22 −24 −26 28 −30 32 −34 36 −12 −2 4 −6 8 −10

K0 has symmetry group Z/2. An involution that negates the meridian and
longitude is shown in Figure 1.

1.3 The quantum topology of K0

Let us define the quantum integer, the quantum factorial and the quantum
binomial coefficients by:

[n] =
qn/2 − q−n/2

q1/2 − q−1/2
[n]! = [1][2] . . . [n]

[

n
k

]

=
[n]!

[k]![n − k]!
,
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Behavior is not monotonic! 
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Khovanov homology: a homology theory         whose graded Euler characteristic 
is             ; explains why coefficients are integers
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Figure 12: Volume versus log(rankH(K) − 1) for 10-crossing non-alternating
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knots

16

<latexit sha1_base64="Us5p4xLEcfWOlRAhAb2kWl1AW+g=">AAAB73icdVDLSgMxFM3UV62vqks3wSLUTUmK2hY3RTeimwr2Ae1QMmnahmYy0yQjlKE/4caFIm79HXf+jZm2gooeuHA4517uvccLBdcGoQ8ntbS8srqWXs9sbG5t72R39xo6iBRldRqIQLU8opngktUNN4K1QsWI7wnW9EaXid+8Z0rzQN6ZSchcnwwk73NKjJVa191i/uZ8fNzN5lABIYQxhgnBpTNkSaVSLuIyxIllkQML1LrZ904voJHPpKGCaN3GKDRuTJThVLBpphNpFhI6IgPWtlQSn2k3nt07hUdW6cF+oGxJA2fq94mY+FpPfM92+sQM9W8vEf/y2pHpl92YyzAyTNL5on4koAlg8jzsccWoERNLCFXc3grpkChCjY0oY0P4+hT+TxrFAj4toNuTXPViEUcaHIBDkAcYlEAVXIEaqAMKBHgAT+DZGTuPzovzOm9NOYuZffADztsnxfGPJw==</latexit>

J2(K; q)

<latexit sha1_base64="nSdvEDkZHYZ80piJFTDNkbTSEHs="></latexit>

log |J2(K;�1)| , log(rank(HK)� 1) / Vol(S3
\K)

Dramatis Personae 

Volume conjecture: Kashaev (1997) 
Murakami x 2 (2001) 

Gukov (2005)

<latexit sha1_base64="V/8YYgh/wSTVaU2x8aG71OC++EU="></latexit>

lim
n!1

2⇡ log |Jn(K;!n)|
n

= Vol(S3 \K)
<latexit sha1_base64="9lXhLH4QpH9QE88ZgIR0rNRw38g=">AAACBnicdVBNS8NAEN34WetX1aMIi0XwVJJYrR6EohePFawKTSyb7aQu3WzC7kYoIScv/hUvHhTx6m/w5r9xUyuo6IOBx3szzMwLEs6Utu13a2JyanpmtjRXnl9YXFqurKyeqziVFNo05rG8DIgCzgS0NdMcLhMJJAo4XASD48K/uAGpWCzO9DABPyJ9wUJGiTZSt7LhxRH0SVfgQwxXXigJzVwvYZjlmci7lapdO9jfc+t72K7ZdsNxnYK4jfpOHTtGKVBFY7S6lTevF9M0AqEpJ0p1HDvRfkakZpRDXvZSBQmhA9KHjqGCRKD8bPRGjreM0sNhLE0JjUfq94mMREoNo8B0RkRfq99eIf7ldVId7vsZE0mqQdDPRWHKsY5xkQnuMQlU86EhhEpmbsX0mpgotEmubEL4+hT/T87dmrNbs0/r1ebROI4SWkebaBs5qIGa6AS1UBtRdIvu0SN6su6sB+vZevlsnbDGM2voB6zXD+jjmMs=</latexit>

!n = e
2⇡i
n



Dramatis Personae 

(1921)



Dramatis Personae 

(1921)

neural network



Neural Network 

{J1, . . . , Jn} �! {v1, . . . , vn}
<latexit sha1_base64="/RYxXDxjhWnIfHxf31O0abVyCow="></latexit>

Ji 2 T
<latexit sha1_base64="VpMjJgq3zB1wgx1aZENPYRMFImw=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4KkkV2+6KbsRVhb6kHUomzbShSWZIMkIp/Qo3LhRx6+e482/MtBVU9MCFwzn3cu89QSy4sQh9eJmV1bX1jexmbmt7Z3cvv3/QMlGiKWvSSES6ExDDBFesabkVrBNrRmQgWDsYX6V++55pwyPVsJOY+ZIMFQ85JdZJdzd9DntcwUY/X0BFhBDGGKYEly+QI9VqpYQrEKeWQwEsUe/n33uDiCaSKUsFMaaLUWz9KdGWU8FmuV5iWEzomAxZ11FFJDP+dH7wDJ44ZQDDSLtSFs7V7xNTIo2ZyMB1SmJH5reXin953cSGFX/KVZxYpuhiUZgIaCOYfg8HXDNqxcQRQjV3t0I6IppQ6zLKuRC+PoX/k1apiM+KpdvzQu1yGUcWHIFjcAowKIMauAZ10AQUSPAAnsCzp71H78V7XbRmvOXMIfgB7+0TAtmP5w==</latexit>

{J 0
1, . . . , J

0
m} �! ???

<latexit sha1_base64="pq6ak2ymzHQgz6zu/dwcue3QVhQ="></latexit>

J 0
i 2 T c

<latexit sha1_base64="t7DgiwDIb0G9prW0+Q3F0xqLtgg=">AAAB83icdVDLSsNAFJ34rPVVdelmsIiuQpKGtu6KbsRVhb6giWUynbRDJ5MwMxFK6G+4caGIW3/GnX/jpK2gogcuHM65l3vvCRJGpbKsD2NldW19Y7OwVdze2d3bLx0cdmScCkzaOGax6AVIEkY5aSuqGOklgqAoYKQbTK5yv3tPhKQxb6lpQvwIjTgNKUZKS97NgJ5Bj3LYusODUtkyL+pVx61Cy7Ssmu3YOXFqbsWFtlZylMESzUHp3RvGOI0IV5ghKfu2lSg/Q0JRzMis6KWSJAhP0Ij0NeUoItLP5jfP4KlWhjCMhS6u4Fz9PpGhSMppFOjOCKmx/O3l4l9eP1Vh3c8oT1JFOF4sClMGVQzzAOCQCoIVm2qCsKD6VojHSCCsdExFHcLXp/B/0nFMu2I6t265cbmMowCOwQk4BzaogQa4Bk3QBhgk4AE8gWcjNR6NF+N10bpiLGeOwA8Yb5/s3ZD5</latexit>

Jones polynomials are represented as 18-vectors

Two layer neural network in Mathematica
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vi
<latexit sha1_base64="vWSC4V0BJ9QsOnJdAOZS13qk5YI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120i7dbMLuplBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbY1Sax/LJTBL0IzqQPOSMGis9jnu8Vyq7FXcOskq8nJQhR71X+ur2Y5ZGKA0TVOuO5ybGz6gynAmcFrupxoSyER1gx1JJI9R+Nj91Ss6t0idhrGxJQ+bq74mMRlpPosB2RtQM9bI3E//zOqkJb/yMyyQ1KNliUZgKYmIy+5v0uUJmxMQSyhS3txI2pIoyY9Mp2hC85ZdXSbNa8S4r1Yercu02j6MAp3AGF+DBNdTgHurQAAYDeIZXeHOE8+K8Ox+L1jUnnzmBP3A+fwBe0o3a</latexit>

Logistic sigmoids for the hidden layers

~JK = (min,max, coe↵s, 0, . . . , 0)

<latexit sha1_base64="qJaufHXKW2hh6bx5ZuepauuKqCM="></latexit>

12000 hyperparameters VJ, Kar, Parrikar (2019)



Neural Network 

trained on 10% of the 313, 209 knots up to 15 crossings
<latexit sha1_base64="VF5NvZKqHR+PlTTmBoNidtJLG8s="></latexit>

2.45± 0.10% error
<latexit sha1_base64="7UeH6HNRddYVG3GuriwPpfCnFtE=">AAACBnicdVDLSsNAFJ34tr6qLkUYLAVXIUljW3eiG5cK1gpNKZPprQ5OHszciCV05cZfceNCEbd+gzv/xolWUNEDA4dzzuXOPWEqhUbHebMmJqemZ2bn5ksLi0vLK+XVtVOdZIpDiycyUWch0yBFDC0UKOEsVcCiUEI7vDwo/PYVKC2S+ASHKXQjdh6LgeAMjdQrb3q2vxOkEXVs16FBNaABwjXmoFSiRr1yxbF3m3XPr5uA4zRczy2I1/BrPnWNUqBCxjjqlV+DfsKzCGLkkmndcZ0UuzlTKLiEUSnINKSMX7Jz6Bgaswh0N/84Y0SrRunTQaLMi5F+qN8nchZpPYxCk4wYXujfXiH+5XUyHDS7uYjTDCHmn4sGmaSY0KIT2hcKOMqhIYwrYf5K+QVTjKNprmRK+LqU/k9OPdut2d6xX9nbH9cxRzbIFtkmLmmQPXJIjkiLcHJD7sgDebRurXvryXr+jE5Y45l18gPWyzuLt5dU</latexit>

VJ, Kar, Parrikar (2019)



Ji does not uniquely identify a knot
<latexit sha1_base64="D0qqkdb2BRLC0RFeWgKTOxkG2OE="></latexit>

e.g., 41 and K11n19 have same Jones polynomial, di↵erent volumes
<latexit sha1_base64="m2gBkkUij74bC5R3UOnA0Cpr3TA="></latexit>

Result 

174, 619 unique Jones polynomials
<latexit sha1_base64="o1ateePctxwcGDNKcAEgOguYQDo=">AAACEXicbVA9SwNBEN3z2/gVtbRZDEIKCXcajHZBG7FSMCaQhLC3mcTFvd1zd04MR/6CjX/FxkIRWzs7/42bmEITHww83pthZl4YS2HR97+8qemZ2bn5hcXM0vLK6lp2fePK6sRwqHAttamFzIIUCiooUEItNsCiUEI1vDkZ+NU7MFZodYm9GJoR6yrREZyhk1rZfFAq7h4ERw3aQLjHNFHiNgF6phVYGmvZUzoSTNp+K5vzC/4QdJIEI5IjI5y3sp+NtuZJBAq5ZNbWAz/GZsoMCi6hn2kkFmLGb1gX6o4qFoFtpsOP+nTHKW3a0caVQjpUf0+kLLK2F4WuM2J4bce9gfifV0+wc9hMhYoTBMV/FnUSSVHTQTy0LQxwlD1HGDfC3Ur5NTOMowsx40IIxl+eJFd7hWC/sHdRzJWPR3EskC2yTfIkICVSJqfknFQIJw/kibyQV+/Re/bevPef1ilvNLNJ/sD7+AZa25zJ</latexit>

2.83% average spread in volumes for a Jones polynomial
<latexit sha1_base64="u0K3frG+44C2Y6RFoCDFap8NTio=">AAACKHicbVC7SgNBFJ31GeNr1dJmMAhWYTcKpjNoI1YRjArZEO5OZnVwdmaZuRsMSz7Hxl+xEVEkrV/iJKbwdarDuee+TpxJYTEIRt7M7Nz8wmJpqby8srq27m9sXlqdG8ZbTEttrmOwXArFWyhQ8uvMcEhjya/iu5Nx/arPjRVaXeAg450UbpRIBAN0Utc/qlXr+9FuRCPk91iA88INp3Y8pEeFon0t85RbmmhDgZ5p5Xim5UDpVIAcdv1KUA0moH9JOCUVMkWz679EPc3cSIVMgrXtMMiwU4BBwSQflqPc8gzYnbui7agCt7xTTB4d0l2n9CanJFohnajfOwpIrR2ksXOmgLf2d20s/ldr55jUO4VQWY5csa9FSS4pajpOjfaE4QzlwBFgRrhbKbsFAwxdtmUXQvj75b/kslYN96u184NK43gaR4lskx2yR0JySBrklDRJizDyQJ7IK3nzHr1n790bfVlnvGnPFvkB7+MTDLOmDQ==</latexit>

•  

• Same applies to                   hyperbolic knots up to      crossings

•  

vi = f(Ji) + small corrections
<latexit sha1_base64="3DQERWSiDDp5fCRtk+jniLv6lig="></latexit>

(database compiled from Knot Atlas and SnapPy)

intrinsic mitigation against overfitting

VJ, Kar, Parrikar (2019)

<latexit sha1_base64="W9fosjTa5WETnKZbPhXqgqMa28Q="></latexit>

1,701,913
<latexit sha1_base64="PDZiJ70jDv3LJiEPA1LlrZ5GdqA="></latexit>
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Result 

• Beyond the volume conjecture in Chern–Simons

weak coupling limit of  
              Chern–Simons

strong coupling limit of  

• Failed experiments (e.g., learning Chern–Simons invariant) also teach us 
something — maybe about the need for underlying homology theory

• Neural network does better than more refined topological invariants

SL(2,C)
<latexit sha1_base64="ZsF4ecUlr3UJHuD/ReuDWo73ezY=">AAAB+XicdVDLSgMxFM3UV62vUZdugkWoICUZxba7YjcuXFS0D2iHkknTNjTzIMkUytA/ceNCEbf+iTv/xkxbQUUPBA7n3Ms9OV4kuNIIfViZldW19Y3sZm5re2d3z94/aKowlpQ1aChC2faIYoIHrKG5FqwdSUZ8T7CWN66lfmvCpOJhcK+nEXN9Mgz4gFOijdSz7bubgnPW9YkeeV5Sm5327DwqIoQwxjAluHSJDKlUyg4uQ5xaBnmwRL1nv3f7IY19FmgqiFIdjCLtJkRqTgWb5bqxYhGhYzJkHUMD4jPlJvPkM3hilD4chNK8QMO5+n0jIb5SU98zk2lE9dtLxb+8TqwHZTfhQRRrFtDFoUEsoA5hWgPsc8moFlNDCJXcZIV0RCSh2pSVMyV8/RT+T5pOEZ8XnduLfPVqWUcWHIFjUAAYlEAVXIM6aAAKJuABPIFnK7EerRfrdTGasZY7h+AHrLdPWFCS2A==</latexit>

SU(2)
<latexit sha1_base64="Ka3WiFI9pxTeUv570a8YZ88DrPk=">AAAB7HicdVBNSwMxEM3Wr1q/qh69BItQLyWpYttb0YvHim5baJeSTbNtaDa7JFmhLP0NXjwo4tUf5M1/Y7atoKIPBh7vzTAzz48F1wahDye3srq2vpHfLGxt7+zuFfcP2jpKFGUujUSkuj7RTHDJXMONYN1YMRL6gnX8yVXmd+6Z0jySd2YaMy8kI8kDTomxknvrlqung2IJVRBCGGOYEVy7QJY0GvUqrkOcWRYlsERrUHzvDyOahEwaKojWPYxi46VEGU4FmxX6iWYxoRMyYj1LJQmZ9tL5sTN4YpUhDCJlSxo4V79PpCTUehr6tjMkZqx/e5n4l9dLTFD3Ui7jxDBJF4uCREATwexzOOSKUSOmlhCquL0V0jFRhBqbT8GG8PUp/J+0qxV8VqnenJeal8s48uAIHIMywKAGmuAatIALKODgATyBZ0c6j86L87pozTnLmUPwA87bJ9pQjhE=</latexit>

{
<latexit sha1_base64="pBlSFPxxoOrJLzo8yIds8kDYw9s=">AAAB+HicdVDLSgNBEJz1GeMjqx69DAbBU9iJYpJb0IvHCOYB2SXMTmaTIbMPZnqFuORLvHhQxKuf4s2/cTaJoKIFDUVVN91dfiKFBsf5sFZW19Y3Ngtbxe2d3b2SvX/Q0XGqGG+zWMaq51PNpYh4GwRI3ksUp6EvedefXOV+944rLeLoFqYJ90I6ikQgGAUjDeySK3kAboZdJUZjqAzsslNxHIcQgnNCaheOIY1GvUrqmOSWQRkt0RrY7+4wZmnII2CSat0nTgJeRhUIJvms6KaaJ5RN6Ij3DY1oyLWXzQ+f4ROjDHEQK1MR4Ln6fSKjodbT0DedIYWx/u3l4l9eP4Wg7mUiSlLgEVssClKJIcZ5CngoFGcgp4ZQpoS5FbMxVZSByapoQvj6FP9POtUKOatUb87LzctlHAV0hI7RKSKohproGrVQGzGUogf0hJ6te+vRerFeF60r1nLmEP2A9fYJtFqTIQ==</latexit>

cf. Calabi–Yau Hodge numbers,  
    line bundle cohomology, etc.

Jones polynomial (quantum)             volume (classical) !
<latexit sha1_base64="4GXvn++EqXgNPK23dwYnAOjGW64=">AAAB/HicdVBNSwMxEM3W7/q16tFLsAieyqaKbW+iF48K1hbapWTT7DY0myzJrFKK/hUvHhTx6g/x5r8xqxVU9MHA470ZZuZFmRQWguDNK83Mzs0vLC6Vl1dW19b9jc1Lq3PDeItpqU0nopZLoXgLBEjeyQynaSR5OxqdFH77ihsrtLqAccbDlCZKxIJRcFLf3+pJrRLJYzAiGQI1Rl/3/UpQDYKAEIILQuqHgSPNZqNGGpgUlkMFTXHW9197A83ylCtgklrbJUEG4YQaEEzym3IvtzyjbEQT3nVU0ZTbcPJx/A3edcoAx9q4UoA/1O8TE5paO04j15lSGNrfXiH+5XVziBvhRKgsB67Y56I4lxg0LpLAA2E4Azl2hDIj3K2YDamhDFxeZRfC16f4f3JZq5L9au38oHJ0PI1jEW2jHbSHCKqjI3SKzlALMTRGd+gBPXq33r335D1/tpa86cwW+gHv5R33r5Wj</latexit>

vi = f(Ji) + small corrections
<latexit sha1_base64="3DQERWSiDDp5fCRtk+jniLv6lig="></latexit>

VJ, Kar, Parrikar (2019)

<latexit sha1_base64="jndBth3Ya5PXiqyn8+9tnrcx+J0="></latexit>

lim
n!1

2⇡ log Jn(K; e2⇡i/n)

n
= Vol(S3 \K) + 2⇡2iCS(S3 \K)



• Universal Approximation Theorem: feedforward neural network, sigmoid 
activation function, single hidden layer with finite number of  neurons can 
approximate continuous functions on compact subsets of   

Result 

vi = f(Ji) + small corrections
<latexit sha1_base64="3DQERWSiDDp5fCRtk+jniLv6lig="></latexit>

VJ, Kar, Parrikar (2019)

Cybenko (1989) 
Hornik (1991)

• Surprise here is simplicity of  architecture that does the job

• We want a not machine learning knot result, however

<latexit sha1_base64="0PgJNtxt0LHi7JKQ5OwLixuIp+0=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5dV7AM6Y8mkmTY0yQxJRihDf8ONC0Xc+jPu/Bsz7Sy09UDgcM693JMTJpxp47rfTmlldW19o7xZ2dre2d2r7h+0dZwqQlsk5rHqhlhTziRtGWY47SaKYhFy2gnHN7nfeaJKs1g+mElCA4GHkkWMYGMl3xfYjMIwu58+yn615tbdGdAy8QpSgwLNfvXLH8QkFVQawrHWPc9NTJBhZRjhdFrxU00TTMZ4SHuWSiyoDrJZ5ik6scoARbGyTxo0U39vZFhoPRGhncwz6kUvF//zeqmJroKMySQ1VJL5oSjlyMQoLwANmKLE8IklmChmsyIywgoTY2uq2BK8xS8vk/ZZ3buou3fntcZ1UUcZjuAYTsGDS2jALTShBQQSeIZXeHNS58V5dz7moyWn2DmEP3A+fwBGx5HX</latexit>

Rn

• Ours is in fact the best result in this direction



We seek to reverse engineer the neural network 
to obtain an analytic expression for 

the volume as a function of the Jones polynomial

Entr’acte 

vi = f(Ji) + small corrections
<latexit sha1_base64="3DQERWSiDDp5fCRtk+jniLv6lig="></latexit>

To interpret the formula, we use machinery of 
analytically continued Chern–Simons theory



Towards the Volume Conjecture 
• The volume conjecture:

• 11,921 colored Jones polynomials at

<latexit sha1_base64="z1GxCdxE+L4nvHUHsbqkipq0adw="></latexit>

lim
n!1

2⇡ log |Jn(K;!n)|
n

= Vol(S3 \K)

<latexit sha1_base64="IgeqNds5YwOXkBH+IfJVmOczmJE="></latexit>

n = 3
Craven, VJ, Kar (2020)



t-SNE

Volume is learnable from coefficients

Chern–Simons invariant probably is not

<latexit sha1_base64="OPTtNpLTndEdjaAFB9IoNUN5mlo="></latexit>

lim
n!1

2⇡ log Jn(K;!n)

n
<latexit sha1_base64="+tLSJDXrcZiQjR39mAZHVhm0AqA=">AAACBnicbVDLSgNBEJz1GeNr1aMIg0GIl7Crol6EoBfBS0TzgCSG2UknGTI7u8z0imHJyYu/4sWDIl79Bm/+jZvHQRMLGoqqbrq7vFAKg47zbc3Mzs0vLKaW0ssrq2vr9sZmyQSR5lDkgQx0xWMGpFBQRIESKqEG5nsSyl73YuCX70EbEahb7IVQ91lbiZbgDBOpYe+c0RrCA8alQPazN3eHNQPoCxUZerWfbtgZJ+cMQaeJOyYZMkahYX/VmgGPfFDIJTOm6joh1mOmUXAJ/XQtMhAy3mVtqCZUMR9MPR6+0ad7idKkrUAnpZAO1d8TMfON6fle0ukz7JhJbyD+51UjbJ3WY6HCCEHx0aJWJCkGdJAJbQoNHGUvIYxrkdxKeYdpxjFJbhCCO/nyNCkd5NzjnHN9lMmfj+NIkW2yS7LEJSckTy5JgRQJJ4/kmbySN+vJerHerY9R64w1ntkif2B9/gCs2Zf3</latexit>

= Vol(S3 \K)
<latexit sha1_base64="XEcI8sRy2sPPDSu8xxckEwOlOcw=">AAACDnicbVA9SwNBEN2LXzF+RS1tFkMgooS7KGoZtBFsFI0KuSTsbSa6uLd37M6J4cgvsPGv2FgoYmtt579xE1No4oOBx3szzMwLYikMuu6Xk5mYnJqeyc7m5uYXFpfyyysXJko0hxqPZKSvAmZACgU1FCjhKtbAwkDCZXB72Pcv70AbEalz7MbQCNm1Eh3BGVqplS9uVvxYNCtU+FvUR7jH9PCsVzprbvsGMBQqMfR4o5UvuGV3ADpOvCEpkCFOWvlPvx3xJASFXDJj6p4bYyNlGgWX0Mv5iYGY8Vt2DXVLFQvBNNLBOz1atEqbdiJtSyEdqL8nUhYa0w0D2xkyvDGjXl/8z6sn2NlvpELFCYLiP4s6iaQY0X42tC00cJRdSxjXwt5K+Q3TjKNNMGdD8EZfHicXlbK3W3ZPdwrVg2EcWbJG1kmJeGSPVMkROSE1wskDeSIv5NV5dJ6dN+f9pzXjDGdWyR84H9+ev5qY</latexit>

+2⇡2iCS(S3 \K)

Craven, VJ, Kar (2020)



No Degrees Needed 

• Suppose we drop the degrees and provide only the coefficients; Jones 
polynomial is no longer recoverable from the input vector

• Results are unchanged!

N.B.: we have switched to Python 3 using GPU-Tensorflow with Keras wrapper
two hidden layers, 100 neurons/layer, ReLu activation, mean squared loss, Adam optimizer

Craven, VJ, Kar (2020)



Jones Evaluations 

• Physics in Chern–Simons theory that leads to volume conjecture may also 
be responsible for information in 

<latexit sha1_base64="YDpMJ73wDEGKF1OMG0dJdxOmd7Q=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBahXkpSFAUvRS+ilwr2A9pQNttNu3SzSXc3Qgn9E148KOLVv+PNf+O2zUFbHww83pthZp4fc6a043xbuZXVtfWN/GZha3tnd8/eP2ioKJGE1knEI9nysaKcCVrXTHPaiiXFoc9p0x/eTP3mE5WKReJRj2PqhbgvWMAI1kZq3XUrpfur0WnXLjplZwa0TNyMFCFDrWt/dXoRSUIqNOFYqbbrxNpLsdSMcDopdBJFY0yGuE/bhgocUuWls3sn6MQoPRRE0pTQaKb+nkhxqNQ49E1niPVALXpT8T+vnejg0kuZiBNNBZkvChKOdISmz6Mek5RoPjYEE8nMrYgMsMREm4gKJgR38eVl0qiU3fOy83BWrF5nceThCI6hBC5cQBVuoQZ1IMDhGV7hzRpZL9a79TFvzVnZzCH8gfX5A3j7jvE=</latexit>

J2(K; q)

• Consider evaluations of  Jones polynomial at roots of  unity

• In particular, fix              and evaluate 
<latexit sha1_base64="Cpw0Pr3anmWxnsJhHcIiWwnYxnU=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURiy6LblxWsA9sQplMJ+3QySTMTIQa+iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbZXW1jc2t8rblZ3dvf2qfXDYUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wucn97iOVisXiXk8T6kd4JFjICNZGGthV6TGBvAjrcRBkD7OBXXPqzhxolbgFqUGB1sD+8oYxSSMqNOFYqb7rJNrPsNSMcDqreKmiCSYTPKJ9QwWOqPKzefAZOjXKEIWxNE9oNFd/b2Q4UmoaBWYyT6iWvVz8z+unOrzyMyaSVFNBFofClCMdo7wFNGSSEs2nhmAimcmKyBhLTLTpqmJKcJe/vEo653W3UXfuLmrN66KOMhzDCZyBC5fQhFtoQRsIpPAMr/BmPVkv1rv1sRgtWcXOEfyB9fkDwA6TJg==</latexit>

r 2 Z
<latexit sha1_base64="4cPigSKMSpZnFv6EX46Q2WypHH8=">AAACCnicbVDLSsNAFJ3UV62vqks3o0VoEWpSFEURim5ENxXsA9o0TKaTduwkGWYmQgldu/FX3LhQxK1f4M6/cdpmodUDFw7n3Mu997icUalM88tIzczOzS+kFzNLyyura9n1jZoMI4FJFYcsFA0XScJoQKqKKkYaXBDku4zU3f7FyK/fEyFpGNyqASe2j7oB9ShGSktOdvvO4W0BT87glVPKX5+SdlxqcQop38+LvVJhWHCyObNojgH/EishOZCg4mQ/W50QRz4JFGZIyqZlcmXHSCiKGRlmWpEkHOE+6pKmpgHyibTj8StDuKuVDvRCoStQcKz+nIiRL+XAd3Wnj1RPTnsj8T+vGSnv2I5pwCNFAjxZ5EUMqhCOcoEdKghWbKAJwoLqWyHuIYGw0ulldAjW9Mt/Sa1UtA6L5s1BrnyexJEGW2AH5IEFjkAZXIIKqAIMHsATeAGvxqPxbLwZ75PWlJHMbIJfMD6+AeFtl9U=</latexit>

jrp := J2(K; e2⇡ip/(r+2))

• The input vector
<latexit sha1_base64="G3ZaEZT7xkueexgdCO4yIRkOK4Q="></latexit>

vin = (Re(jr0), Im(jr0), . . . ,Re(j
r
b(r+2)/2c), Im(jrb(r+2)/2c))

does not degrade neural network performance

• In fact, we only need to feed in the magnitudes: 
<latexit sha1_base64="uV/8xjFSX0nolX2GNToev1ON4Wc="></latexit>

vin = (|jr0 |, . . . , |jb(r+2)/2c|)

Consistent with degrees not mattering
Craven, VJ, Kar (2020)



Layer-wise Relevance Propagation 
• To determine which inputs carry the most weight, propagate backward 

starting from output layer employing a conservation property

• Compute relevance score for a neuron using activations, weights, and biases

<latexit sha1_base64="LDiPx9E7z/FGb5SZ5KSvJsJahlA="></latexit>
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Fig. 10.2. Illustration of the LRP procedure. Each neuron redistributes to the lower
layer as much as it has received from the higher layer.

in brain-computer interfaces [50]. In the biomedical domain, LRP was used to
identify subject-specific characteristics in gait patterns [24], to highlight relevant
cell structure in microscopy [12], as well as to explain therapy predictions [56].
Finally, an extension called CLRP was applied to highlight relevant molecular
sections in the context of protein-ligand scoring [23].

10.2.1 LRP Rules for Deep Rectifier Networks

We consider the application of LRP to deep neural networks with rectifier
(ReLU) nonlinearities, arguably the most common choice in today’s applications.
It includes well-known architectures for image recognition such as VGG-16 [48]
and Inception v3 [54], or neural networks used in reinforcement learning [35].
Deep rectifier networks are composed of neurons of the type:

ak = max
(
0,

∑
0,j ajwjk

)
. (10.1)

The sum
∑

0,j runs over all lower-layer activations (aj)j , plus an extra neuron
representing the bias. More precisely, we set a0 = 1 and define w0k to be the
neuron bias. We present three propagation rules for these networks and describe
their properties.

Basic Rule (LRP-0) [7]. This rule redistributes in proportion to the contribu-
tions of each input to the neuron activation as they occur in Eq. (10.1):

Rj =
∑

k

ajwjk∑
0,j ajwjk

Rk

This rule satisfies basic properties, such as (aj = 0) ∨ (wj: = 0) ⇒ Rj = 0,
which makes coincide concepts such as zero weight, deactivation, and absence of
connection. Although this rule looks intuitive, it can be shown that a uniform
application of this rule to the whole neural network produces an explanation
that is equivalent to Gradient× Input (cf. [47]). As we have mentioned in the
introduction, gradient of a deep neural network is typically noisy, therefore one
needs to design more robust propagation rules.

Epsilon Rule (LRP-ε) [7].A first enhancement of the basic LRP-0 rule consists
of adding a small positive term ε in the denominator:

Rj =
∑

k

ajwjk

ε +
∑

0,j ajwjk
Rk

Montavon et al. (2019)

,
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Layer-wise Relevance Propagation 

Figure 3: Each grid shows the LRP results for 10 neural network inputs. The grid labels r 2 [3, 7]

determine the form of the input vector. Each column represents a single input, corresponding to the

real and imaginary parts of the knot’s Jones polynomial evaluated at the phases e2⇡ip/(r+2) with p 2 Z

and 0  2p  r+2. Dark blue squares correspond to the lowest relevance score, and red to the highest.

So, in a given column, the red squares represent evaluations which were highly relevant for the neural

network to predict that knot’s volume. We also see that the same evaluations are often relevant across

all 10 knots in the displayed set; these correspond to mostly red rows.

can immediately see which columns are relevant in making a prediction of the volume. The

final column in Table 1 shows the results when training the neural network on just those

evaluations which LRP determines are relevant. Comparing the values in the final column to

the original error in the second column, we see that there is no real reduction in performance.

LRP successfully selects the relevant input features, and in some cases performance is actually

improved by pruning irrelevant inputs.

The results in Table 1 were each obtained over one run, so fluctuations in the error

are expected. To test the stability of the results, we trained the neural network 20 times,

using J2(K; e4⇡i/5) (the relevant root for r = 3) as input. Averaged over 20 runs, the error

was 3.71 ± 0.06%. With this relatively small standard deviation, we conclude that network

performance is stable over multiple runs.

In the first line of Table 1, the neural network is learning to predict the volume from

two numbers: the real and imaginary parts of J2(K; e4⇡i/5). If we represent the input as a

magnitude and a phase rather than as a real and imaginary part, the performance of the

neural network is unchanged. In fact, it turns out that if we drop the phase and work

only with the magnitude, the performance remains unchanged; the phase does not matter.

This means that the network is predicting the volume (to 96.29± 0.06% accuracy) with just

one number: |J2(K; e4⇡i/5)|. Another promising candidate is |J2(K; e3⇡i/4)|, which was also

determined by relevance propagation to be important in several rows of Table 1. Plotting

either |J2(K; e4⇡i/5)| or |J2(K; e3⇡i/4)| against the volume (Figure 4), we find a graph which

looks like a log(x+ b) + c for some constant O(1) parameters a, b > 0, and c. Thus, we may

be able to obtain a reasonably compact analytic expression by performing simple regression

on such an ansatz.
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• Each column is a single input corresponding to evaluations of  the Jones 
polynomial at phases          ,                      ,  
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0  2p  r + 2

• Ten different knots

• We show the relevances (red is most relevant) and notice that the same input 
features light up

<latexit sha1_base64="iC3INJMmDBigbYVCHATdGLZEJ4A=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURiy6LblxWsA9sQplMJ+3QySTMTIQa+iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbZXW1jc2t8rblZ3dvf2qfXDYUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wucn97iOVisXiXk8T6kd4JFjICNZGGtjVxGMCeRHW4yDIHmYDu+bUnTnQKnELUoMCrYH95Q1jkkZUaMKxUn3XSbSfYakZ4XRW8VJFE0wmeET7hgocUeVn8+AzdGqUIQpjaZ7QaK7+3shwpNQ0CsxknlAte7n4n9dPdXjlZ0wkqaaCLA6FKUc6RnkLaMgkJZpPDcFEMpMVkTGWmGjTVcWU4C5/eZV0zutuo+7cXdSa10UdZTiGEzgDFy6hCbfQgjYQSOEZXuHNerJerHfrYzFasoqdI/gD6/MHvOqTJA==</latexit>

p 2 Z

Craven, VJ, Kar (2020)



Relevant Phases 
r Error Relevant roots Fractional levels Error (relevant roots)

3 3.48% e
4⇡i/5 1

2 3.8%

4 6.66% �1 0 6.78%

5 3.48% e
6⇡i/7 1

3 3.38%

6 2.94% e
3⇡i/4, �1 2

3 , 0 3%

7 5.37% e
8⇡i/9 1

4 5.32%

8 2.50% e
3⇡i/5, e4⇡i/5, �1 4

3 ,
1
2 , 0 2.5%

9 2.74% e
8⇡i/11, e10⇡i/11 3

4 ,
1
5 2.85%

10 3.51% e
2⇡i/3,e5⇡i/6, �1 1, 2

5 , 0 4.39%

11 2.51% e
8⇡i/13, e10⇡i/13, e12⇡i/13 5

4 ,
3
5 ,

1
6 2.44%

12 2.39% e
5⇡i/7, e6⇡i/7, �1 4

5 ,
1
3 , 0 2.75%

13 2.52% e
2⇡i/3, e4⇡i/5, e14⇡i/15 1, 1

2 ,
1
7 2.43%

14 2.58% e
3⇡i/4, e7⇡i/8, �1 2

3 ,
2
7 , 0 2.55%

15 2.38% e
12⇡i/17, e14⇡i/17, e16⇡i/17 5

6 ,
3
7 ,

1
8 2.4%

16 2.57% e
2⇡i/3, e7⇡i/9, e8⇡i/9, �1 1, 4

7 ,
1
4 , 0 2.45%

17 2.65% e
14⇡i/19, e16⇡i/19, e18⇡i/19, 5

7 ,
3
8 ,

1
9 2.46%

18 2.49% e
4⇡i/5, e9⇡i/10, �1 1

2 ,
2
9 , 0 2.52%

19 2.45% e
2⇡i/3, e16⇡i/21, e6⇡i/7, e20⇡i/21 1, 5

8 ,
1
3 ,

1
10 2.43%

20 2.79% e
8⇡i/11, e9⇡i/11, e10⇡i/11, �1 3

4 ,
4
9 ,

1
5 , 0 2.4%

Table 1: LRP results when training the neural network on di↵erent roots of unity, corresponding to

di↵erent r. The third column shows the roots relevant to calculating the output, the fourth column

shows the corresponding fractional levels k obtained by writing the relevant roots as e
2⇡i/(k+2), and

the final column the error when training the network on only the relevant roots.

We use the curve fitting and optimization procedures built into Mathematica. The

dataset now includes all hyperbolic knots up to and including 16 crossings. For |J2(K; e3⇡i/4)|,

we find the formula

V3/4(K) = 6.20 log (|J2(K; e3⇡i/4)|+ 6.77)� 0.94 , (4.1)

which predicts the volume with an error of 2.86% (Figure 4, left). This result is comparable

to some of the best performances in Table 1 and performs only slightly worse than the

neural network which had access to the full Jones polynomial. Repeating the analysis for

|J2(K; e4⇡i/5)|, the optimized formula is

V4/5(K) = 4.89 log (|J2(K; e4⇡i/5)|+ 1.91) + 0.63 , (4.2)

which predicts the volume with an error of 3.33% (Figure 4, right). Due to the fact that the

error increase is small and the parameter reduction is enormous in passing from the black

– 17 –
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Phenomenological Function 

• Parameters fixed via curve fitting routines in Mathematica
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Phenomenological Function 

Figure 5: Variation of fit parameters with regression data. As more regression data is included,

the fit parameters converge to some constant values. This indicates that the approximation formulas

should perform well outside of our dataset.

Figure 6: Comparison of (4.1) with a fit of the same functional ansatz on J2(K;�1); as in [14].

When applied to alternating knots only (left), the function predicts the volume with a mean error of

5.76%. Fitting the same ansatz to all knots (right) predicts the volume with an error of 6.16%.

To explore this possibility, we optimize the ansatz V (K) = a log(|J2(K; eix)|+ b) + c in

Mathematica and report the mean absolute error under the constraint x 2 [0,⇡] (Figure 7)

for all knots up to and including 16 crossings.18 The minimum error of 2.83% is realized for

x = 2.3. We can relate this to the relevant roots in Table 1 by noting that this root is similar

to e
3⇡i/4. This corresponds to a fractional level of 2

3 appearing in the r = 6 and r = 14 lines of

18Amusingly, as is now ubiquitous in high energy theory, the graph evinces the customary dip, ramp, plateau

shape [35]. Of course, here these features are not connected to random matrix theory in any clear way. A

tentative explanation for the location of the dip makes use of the saddle point form of the path integral (2.10),

where there is a reasonable spread of this value for di↵erent volumes in the region k 2 [0.5, 0.8]. However, we

are far from the semiclassical limit, and cannot really trust (2.10).
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The Shape of  Things 

Figure 7: Mean absolute errors as a function of x when optimizing the ansatz V (K) =

a log(|J2(K; eix)| + b) + c. We re-optimize the constants a, b, and c for each individual value of

x. The minimum error of 2.83% occurs at x = 2.3. This is evidence that we can approximate the

hyperbolic volume from the Jones polynomial evaluated at a wider variety of fractional levels than

just k = 1
2 or k = 2

3 .

Table 1. Notice also that there is a plateau in error rate at around 12% for x . ⇡
2 . The error

of 12% is significant; if we take V (K) = V0, where V0 is the average volume of all knots up

to 16 crossings, the error for this constant approximation function is 11.97%. This represents

a latent correlation in the dataset, and if we have an error rate greater than or equal to this

then our approximation formula is learning essentially nothing. This error plateau, and other

interesting features of Figure 7 like the error spike around k = 1, will be analyzed in the

context of Chern–Simons theory in Section 4.2. Before moving on, we note that upon closer

inspection of the region around k = 1, the single error spike shown in Figure 7 is actually

resolved into two separate spikes at k = 1 and k = 1.014 with a shallow dip of roughly 0.7%.

We do not have a good understanding of this feature, and we have not ruled out numerical

errors as its source, because our Mathematica fitting procedures give convergence warnings

at these levels. The robust conclusion that we claim here is only that there is a large error

spike around k = 1 which reaches up to the height of the plateau.
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A Better Formula 

error for neural network; the latter is essentially intrinsic

• Our reverse engineered function gave               error compared to

• Can we do better with a formula? If  so, how much better?

• Define a new error measure
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• By this measure, the neural network gives 
<latexit sha1_base64="pJiU+GE/+m4z4gWl/Hc/X061g7s=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqszYim6EohuXFewD2rFk0kwbmmSGJKOUof/hxoUibv0Xd/6NaTsLbT1wuYdz7iU3J4g508Z1v53cyura+kZ+s7C1vbO7V9w/aOooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjG6mfuuRKs0ieW/GMfUFHkgWMoKNlR66mg0ERlfILbuVSq9Ysn0GtEy8jJQgQ71X/Or2I5IIKg3hWOuO58bGT7EyjHA6KXQTTWNMRnhAO5ZKLKj209nVE3RilT4KI2VLGjRTf2+kWGg9FoGdFNgM9aI3Ff/zOokJL/2UyTgxVJL5Q2HCkYnQNALUZ4oSw8eWYKKYvRWRIVaYGBtUwYbgLX55mTTPyt552b2rlmrXWRx5OIJjOAUPLqAGt1CHBhBQ8Ayv8OY8OS/Ou/MxH8052c4h/IHz+QMNDJDo</latexit>

� = 0.033

while our functional approximation gives
<latexit sha1_base64="jpOxzFFGfDU4dzgM1/SYX0QUD08=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyI1W6EohuXFewD2rFk0kwbmmSGJKOUof/hxoUibv0Xd/6NaTsLbT1wuYdz7iU3J4g508Z1v53cyura+kZ+s7C1vbO7V9w/aOooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjG6mfuuRKs0ieW/GMfUFHkgWMoKNlR66mg0ERlfILbsX1V6xZPsMaJl4GSlBhnqv+NXtRyQRVBrCsdYdz42Nn2JlGOF0UugmmsaYjPCAdiyVWFDtp7OrJ+jEKn0URsqWNGim/t5IsdB6LAI7KbAZ6kVvKv7ndRITVv2UyTgxVJL5Q2HCkYnQNALUZ4oSw8eWYKKYvRWRIVaYGBtUwYbgLX55mTTPyl6l7N6dl2rXWRx5OIJjOAUPLqEGt1CHBhBQ8Ayv8OY8OS/Ou/MxH8052c4h/IHz+QMZL5Dw</latexit>

� = 0.068

• If  we just assign the average volume to every knot in the dataset,               ; 
this corresponds to plateau

<latexit sha1_base64="c07DTf62We51RnSRNWJGU4sytIg=">AAAB8XicdVDLSgMxFM34rPVVdekmWARXJSlq24VQdOOygn1gO5RMmmlDk8yQZIQy9C/cuFDErX/jzr8x01ZQ0QMXDufcy733BLHgxiL04S0tr6yurec28ptb2zu7hb39lokSTVmTRiLSnYAYJrhiTcutYJ1YMyIDwdrB+Crz2/dMGx6pWzuJmS/JUPGQU2KddNczfCgJvIC4XyiiEkIIYwwzgivnyJFarVrGVYgzy6EIFmj0C++9QUQTyZSlghjTxSi2fkq05VSwab6XGBYTOiZD1nVUEcmMn84unsJjpwxgGGlXysKZ+n0iJdKYiQxcpyR2ZH57mfiX101sWPVTruLEMkXni8JEQBvB7H044JpRKyaOEKq5uxXSEdGEWhdS3oXw9Sn8n7TKJXxWQjenxfrlIo4cOARH4ARgUAF1cA0aoAkoUOABPIFnz3iP3ov3Om9d8hYzB+AHvLdPkO+QMw==</latexit>

� = 1

A Better Formula 

• There is room for improvement, but it is remarkable that a function with 
only three fit parameters works so well

<latexit sha1_base64="jQa1X0R4Ouzxc+R6JOZmRVzcVPU=">AAAB8HicdVDLSsNAFJ34rPVVdelmsAiuQhJjWxdC0Y3LCvYhbSiT6aQdOjMJMxOhhH6FGxeKuPVz3Pk3TtoKKnrgwuGce7n3njBhVGnH+bCWlldW19YLG8XNre2d3dLefkvFqcSkiWMWy06IFGFUkKammpFOIgniISPtcHyV++17IhWNxa2eJCTgaChoRDHSRrrrKTrkCF7Afqns2Oe1iudXoGM7TtX13Jx4Vf/Uh65RcpTBAo1+6b03iHHKidCYIaW6rpPoIENSU8zItNhLFUkQHqMh6RoqECcqyGYHT+GxUQYwiqUpoeFM/T6RIa7UhIemkyM9Ur+9XPzL66Y6qgUZFUmqicDzRVHKoI5h/j0cUEmwZhNDEJbU3ArxCEmEtcmoaEL4+hT+T1qe7Z7Zzo1frl8u4iiAQ3AEToALqqAOrkEDNAEGHDyAJ/BsSevRerFe561L1mLmAPyA9fYJMeaQBA==</latexit>� =
 variance of  (actual volume – predicted volume)     

variance of  volumes in dataset 



Some Philosophy



The Future 

• Machine learning identifies associations

• Can a machine do interesting science?

• Want to convert this to analytics — i.e., how does the machine learn?

• What problems in physics and mathematics are machine learnable?



Stockfish/Sesse

• Black to move and mate in 36

• Carlsen–Caruana, Game 6, World Chess Championship 2018



Stockfish/Sesse

• Black to move and mate in 36

• Carlsen–Caruana, Game 6, World Chess Championship 2018



AlphaZero

• Invents new joseki

• Trained to play Go via self  play and it crushes all human players

-



Challenge
• How does a black box learn semantics without knowing syntax?

— Generally unpublished failed experiments indicate what doesn’t work

• Can artificial intelligence do interesting research?

— Proofs in real analysis Ganesalingam, Gowers (2013)

— cf. new joseki in go

— Proof  assistants Voevodsky (2014)

— Knowing that there are approximate functions can we find analytic   
expressions by opening the black box?           

AlphaGo Zero (2017)



hep-th
• Use machine learning to classify papers into arXiv categories

• 65% success at exact subject, 87% success at formal vs. phenomenology

Paris� France + Italy = Rome
<latexit sha1_base64="LxiWKBByRPvF+efS6yFzUUVOEMs=">AAACKnicbZBNSwMxEIazftb6VfXoJVgEQZRdEfQiVAXRWxVbC20ps+lUQ5PskmSFsuzv8eJf8dKDUrz6Q0xrFb9eCLw8M0Nm3jAW3FjfH3gTk1PTM7O5ufz8wuLScmFltWqiRDOssEhEuhaCQcEVViy3AmuxRpChwJuwezqs39yjNjxS17YXY1PCreIdzsA61CocNyTYOy3TMmhuMrpDP8GZBsUwo9tf5MKC6GX06AtcRRKzVqHo7/oj0b8mGJsiGavcKvQb7YglEpVlAoypB35smyloy5nALN9IDMbAunCLdWcVSDTNdHRqRjcdadNOpN1Tlo7o94kUpDE9GbrO4ZLmd20I/6vVE9s5bKZcxYlFxT4+6iSC2ogOc6NtrpFZ0XMGmOZuV8ruQAOzLt28CyH4ffJfU93bDZy/3C+WTsZx5Mg62SBbJCAHpETOSZlUCCMP5Ik8kxfv0et7A+/1o3XCG8+skR/y3t4BcnOn4g==</latexit><latexit sha1_base64="LxiWKBByRPvF+efS6yFzUUVOEMs=">AAACKnicbZBNSwMxEIazftb6VfXoJVgEQZRdEfQiVAXRWxVbC20ps+lUQ5PskmSFsuzv8eJf8dKDUrz6Q0xrFb9eCLw8M0Nm3jAW3FjfH3gTk1PTM7O5ufz8wuLScmFltWqiRDOssEhEuhaCQcEVViy3AmuxRpChwJuwezqs39yjNjxS17YXY1PCreIdzsA61CocNyTYOy3TMmhuMrpDP8GZBsUwo9tf5MKC6GX06AtcRRKzVqHo7/oj0b8mGJsiGavcKvQb7YglEpVlAoypB35smyloy5nALN9IDMbAunCLdWcVSDTNdHRqRjcdadNOpN1Tlo7o94kUpDE9GbrO4ZLmd20I/6vVE9s5bKZcxYlFxT4+6iSC2ogOc6NtrpFZ0XMGmOZuV8ruQAOzLt28CyH4ffJfU93bDZy/3C+WTsZx5Mg62SBbJCAHpETOSZlUCCMP5Ik8kxfv0et7A+/1o3XCG8+skR/y3t4BcnOn4g==</latexit><latexit sha1_base64="LxiWKBByRPvF+efS6yFzUUVOEMs=">AAACKnicbZBNSwMxEIazftb6VfXoJVgEQZRdEfQiVAXRWxVbC20ps+lUQ5PskmSFsuzv8eJf8dKDUrz6Q0xrFb9eCLw8M0Nm3jAW3FjfH3gTk1PTM7O5ufz8wuLScmFltWqiRDOssEhEuhaCQcEVViy3AmuxRpChwJuwezqs39yjNjxS17YXY1PCreIdzsA61CocNyTYOy3TMmhuMrpDP8GZBsUwo9tf5MKC6GX06AtcRRKzVqHo7/oj0b8mGJsiGavcKvQb7YglEpVlAoypB35smyloy5nALN9IDMbAunCLdWcVSDTNdHRqRjcdadNOpN1Tlo7o94kUpDE9GbrO4ZLmd20I/6vVE9s5bKZcxYlFxT4+6iSC2ogOc6NtrpFZ0XMGmOZuV8ruQAOzLt28CyH4ffJfU93bDZy/3C+WTsZx5Mg62SBbJCAHpETOSZlUCCMP5Ik8kxfv0et7A+/1o3XCG8+skR/y3t4BcnOn4g==</latexit><latexit sha1_base64="LxiWKBByRPvF+efS6yFzUUVOEMs=">AAACKnicbZBNSwMxEIazftb6VfXoJVgEQZRdEfQiVAXRWxVbC20ps+lUQ5PskmSFsuzv8eJf8dKDUrz6Q0xrFb9eCLw8M0Nm3jAW3FjfH3gTk1PTM7O5ufz8wuLScmFltWqiRDOssEhEuhaCQcEVViy3AmuxRpChwJuwezqs39yjNjxS17YXY1PCreIdzsA61CocNyTYOy3TMmhuMrpDP8GZBsUwo9tf5MKC6GX06AtcRRKzVqHo7/oj0b8mGJsiGavcKvQb7YglEpVlAoypB35smyloy5nALN9IDMbAunCLdWcVSDTNdHRqRjcdadNOpN1Tlo7o94kUpDE9GbrO4ZLmd20I/6vVE9s5bKZcxYlFxT4+6iSC2ogOc6NtrpFZ0XMGmOZuV8ruQAOzLt28CyH4ffJfU93bDZy/3C+WTsZx5Mg62SBbJCAHpETOSZlUCCMP5Ik8kxfv0et7A+/1o3XCG8+skR/y3t4BcnOn4g==</latexit>

king �man + woman = queen
<latexit sha1_base64="Sv4anypCwP7o4wwHngyXzKvK3nI=">AAACJ3icbVDLSgMxFM3UV62vqks3wSIIYpkRQTdK0Y3LCvYBbSmZ9LYNTTJjklHKMH/jxl9xI6iILv0T04dFWw8Ezj3nXnLv8UPOtHHdTyc1N7+wuJRezqysrq1vZDe3yjqIFIUSDXigqj7RwJmEkmGGQzVUQITPoeL3Lgd+5Q6UZoG8Mf0QGoJ0JGszSoyVmtnzuiCmq0TcY7KT4EP8UwsiE3wwKe+DoXA2EW4jAJk0szk37w6BZ4k3Jjk0RrGZfam3AhoJkIZyonXNc0PTiIkyjHJIMvVIQ0hoj3SgZqkkAnQjHt6Z4D2rtHA7UPZJg4fq74mYCK37wredgy31tDcQ//NqkWmfNmImw8iApKOP2hHHJsCD0HCLKaCG9y0hVDG7K6Zdogg1NtqMDcGbPnmWlI/ynuXXx7nCxTiONNpBu2gfeegEFdAVKqISougBPaFX9OY8Os/Ou/Mxak0545lt9AfO1zegPacF</latexit><latexit sha1_base64="Sv4anypCwP7o4wwHngyXzKvK3nI=">AAACJ3icbVDLSgMxFM3UV62vqks3wSIIYpkRQTdK0Y3LCvYBbSmZ9LYNTTJjklHKMH/jxl9xI6iILv0T04dFWw8Ezj3nXnLv8UPOtHHdTyc1N7+wuJRezqysrq1vZDe3yjqIFIUSDXigqj7RwJmEkmGGQzVUQITPoeL3Lgd+5Q6UZoG8Mf0QGoJ0JGszSoyVmtnzuiCmq0TcY7KT4EP8UwsiE3wwKe+DoXA2EW4jAJk0szk37w6BZ4k3Jjk0RrGZfam3AhoJkIZyonXNc0PTiIkyjHJIMvVIQ0hoj3SgZqkkAnQjHt6Z4D2rtHA7UPZJg4fq74mYCK37wredgy31tDcQ//NqkWmfNmImw8iApKOP2hHHJsCD0HCLKaCG9y0hVDG7K6Zdogg1NtqMDcGbPnmWlI/ynuXXx7nCxTiONNpBu2gfeegEFdAVKqISougBPaFX9OY8Os/Ou/Mxak0545lt9AfO1zegPacF</latexit><latexit sha1_base64="Sv4anypCwP7o4wwHngyXzKvK3nI=">AAACJ3icbVDLSgMxFM3UV62vqks3wSIIYpkRQTdK0Y3LCvYBbSmZ9LYNTTJjklHKMH/jxl9xI6iILv0T04dFWw8Ezj3nXnLv8UPOtHHdTyc1N7+wuJRezqysrq1vZDe3yjqIFIUSDXigqj7RwJmEkmGGQzVUQITPoeL3Lgd+5Q6UZoG8Mf0QGoJ0JGszSoyVmtnzuiCmq0TcY7KT4EP8UwsiE3wwKe+DoXA2EW4jAJk0szk37w6BZ4k3Jjk0RrGZfam3AhoJkIZyonXNc0PTiIkyjHJIMvVIQ0hoj3SgZqkkAnQjHt6Z4D2rtHA7UPZJg4fq74mYCK37wredgy31tDcQ//NqkWmfNmImw8iApKOP2hHHJsCD0HCLKaCG9y0hVDG7K6Zdogg1NtqMDcGbPnmWlI/ynuXXx7nCxTiONNpBu2gfeegEFdAVKqISougBPaFX9OY8Os/Ou/Mxak0545lt9AfO1zegPacF</latexit><latexit sha1_base64="Sv4anypCwP7o4wwHngyXzKvK3nI=">AAACJ3icbVDLSgMxFM3UV62vqks3wSIIYpkRQTdK0Y3LCvYBbSmZ9LYNTTJjklHKMH/jxl9xI6iILv0T04dFWw8Ezj3nXnLv8UPOtHHdTyc1N7+wuJRezqysrq1vZDe3yjqIFIUSDXigqj7RwJmEkmGGQzVUQITPoeL3Lgd+5Q6UZoG8Mf0QGoJ0JGszSoyVmtnzuiCmq0TcY7KT4EP8UwsiE3wwKe+DoXA2EW4jAJk0szk37w6BZ4k3Jjk0RrGZfam3AhoJkIZyonXNc0PTiIkyjHJIMvVIQ0hoj3SgZqkkAnQjHt6Z4D2rtHA7UPZJg4fq74mYCK37wredgy31tDcQ//NqkWmfNmImw8iApKOP2hHHJsCD0HCLKaCG9y0hVDG7K6Zdogg1NtqMDcGbPnmWlI/ynuXXx7nCxTiONNpBu2gfeegEFdAVKqISougBPaFX9OY8Os/Ou/Mxak0545lt9AfO1zegPacF</latexit>

He, VJ, Nelson (2018)

• Mapping words to vectors contextually, we discover syntactic identities



hep-th
• Use machine learning to classify papers into arXiv categories

• 65% success at exact subject, 87% success at formal vs. phenomenology

• An idea generating machine for hep-th:

Paris� France + Italy = Rome
<latexit sha1_base64="LxiWKBByRPvF+efS6yFzUUVOEMs=">AAACKnicbZBNSwMxEIazftb6VfXoJVgEQZRdEfQiVAXRWxVbC20ps+lUQ5PskmSFsuzv8eJf8dKDUrz6Q0xrFb9eCLw8M0Nm3jAW3FjfH3gTk1PTM7O5ufz8wuLScmFltWqiRDOssEhEuhaCQcEVViy3AmuxRpChwJuwezqs39yjNjxS17YXY1PCreIdzsA61CocNyTYOy3TMmhuMrpDP8GZBsUwo9tf5MKC6GX06AtcRRKzVqHo7/oj0b8mGJsiGavcKvQb7YglEpVlAoypB35smyloy5nALN9IDMbAunCLdWcVSDTNdHRqRjcdadNOpN1Tlo7o94kUpDE9GbrO4ZLmd20I/6vVE9s5bKZcxYlFxT4+6iSC2ogOc6NtrpFZ0XMGmOZuV8ruQAOzLt28CyH4ffJfU93bDZy/3C+WTsZx5Mg62SBbJCAHpETOSZlUCCMP5Ik8kxfv0et7A+/1o3XCG8+skR/y3t4BcnOn4g==</latexit><latexit sha1_base64="LxiWKBByRPvF+efS6yFzUUVOEMs=">AAACKnicbZBNSwMxEIazftb6VfXoJVgEQZRdEfQiVAXRWxVbC20ps+lUQ5PskmSFsuzv8eJf8dKDUrz6Q0xrFb9eCLw8M0Nm3jAW3FjfH3gTk1PTM7O5ufz8wuLScmFltWqiRDOssEhEuhaCQcEVViy3AmuxRpChwJuwezqs39yjNjxS17YXY1PCreIdzsA61CocNyTYOy3TMmhuMrpDP8GZBsUwo9tf5MKC6GX06AtcRRKzVqHo7/oj0b8mGJsiGavcKvQb7YglEpVlAoypB35smyloy5nALN9IDMbAunCLdWcVSDTNdHRqRjcdadNOpN1Tlo7o94kUpDE9GbrO4ZLmd20I/6vVE9s5bKZcxYlFxT4+6iSC2ogOc6NtrpFZ0XMGmOZuV8ruQAOzLt28CyH4ffJfU93bDZy/3C+WTsZx5Mg62SBbJCAHpETOSZlUCCMP5Ik8kxfv0et7A+/1o3XCG8+skR/y3t4BcnOn4g==</latexit><latexit sha1_base64="LxiWKBByRPvF+efS6yFzUUVOEMs=">AAACKnicbZBNSwMxEIazftb6VfXoJVgEQZRdEfQiVAXRWxVbC20ps+lUQ5PskmSFsuzv8eJf8dKDUrz6Q0xrFb9eCLw8M0Nm3jAW3FjfH3gTk1PTM7O5ufz8wuLScmFltWqiRDOssEhEuhaCQcEVViy3AmuxRpChwJuwezqs39yjNjxS17YXY1PCreIdzsA61CocNyTYOy3TMmhuMrpDP8GZBsUwo9tf5MKC6GX06AtcRRKzVqHo7/oj0b8mGJsiGavcKvQb7YglEpVlAoypB35smyloy5nALN9IDMbAunCLdWcVSDTNdHRqRjcdadNOpN1Tlo7o94kUpDE9GbrO4ZLmd20I/6vVE9s5bKZcxYlFxT4+6iSC2ogOc6NtrpFZ0XMGmOZuV8ruQAOzLt28CyH4ffJfU93bDZy/3C+WTsZx5Mg62SBbJCAHpETOSZlUCCMP5Ik8kxfv0et7A+/1o3XCG8+skR/y3t4BcnOn4g==</latexit><latexit sha1_base64="LxiWKBByRPvF+efS6yFzUUVOEMs=">AAACKnicbZBNSwMxEIazftb6VfXoJVgEQZRdEfQiVAXRWxVbC20ps+lUQ5PskmSFsuzv8eJf8dKDUrz6Q0xrFb9eCLw8M0Nm3jAW3FjfH3gTk1PTM7O5ufz8wuLScmFltWqiRDOssEhEuhaCQcEVViy3AmuxRpChwJuwezqs39yjNjxS17YXY1PCreIdzsA61CocNyTYOy3TMmhuMrpDP8GZBsUwo9tf5MKC6GX06AtcRRKzVqHo7/oj0b8mGJsiGavcKvQb7YglEpVlAoypB35smyloy5nALN9IDMbAunCLdWcVSDTNdHRqRjcdadNOpN1Tlo7o94kUpDE9GbrO4ZLmd20I/6vVE9s5bKZcxYlFxT4+6iSC2ogOc6NtrpFZ0XMGmOZuV8ruQAOzLt28CyH4ffJfU93bDZy/3C+WTsZx5Mg62SBbJCAHpETOSZlUCCMP5Ik8kxfv0et7A+/1o3XCG8+skR/y3t4BcnOn4g==</latexit>

king �man + woman = queen
<latexit sha1_base64="Sv4anypCwP7o4wwHngyXzKvK3nI=">AAACJ3icbVDLSgMxFM3UV62vqks3wSIIYpkRQTdK0Y3LCvYBbSmZ9LYNTTJjklHKMH/jxl9xI6iILv0T04dFWw8Ezj3nXnLv8UPOtHHdTyc1N7+wuJRezqysrq1vZDe3yjqIFIUSDXigqj7RwJmEkmGGQzVUQITPoeL3Lgd+5Q6UZoG8Mf0QGoJ0JGszSoyVmtnzuiCmq0TcY7KT4EP8UwsiE3wwKe+DoXA2EW4jAJk0szk37w6BZ4k3Jjk0RrGZfam3AhoJkIZyonXNc0PTiIkyjHJIMvVIQ0hoj3SgZqkkAnQjHt6Z4D2rtHA7UPZJg4fq74mYCK37wredgy31tDcQ//NqkWmfNmImw8iApKOP2hHHJsCD0HCLKaCG9y0hVDG7K6Zdogg1NtqMDcGbPnmWlI/ynuXXx7nCxTiONNpBu2gfeegEFdAVKqISougBPaFX9OY8Os/Ou/Mxak0545lt9AfO1zegPacF</latexit><latexit sha1_base64="Sv4anypCwP7o4wwHngyXzKvK3nI=">AAACJ3icbVDLSgMxFM3UV62vqks3wSIIYpkRQTdK0Y3LCvYBbSmZ9LYNTTJjklHKMH/jxl9xI6iILv0T04dFWw8Ezj3nXnLv8UPOtHHdTyc1N7+wuJRezqysrq1vZDe3yjqIFIUSDXigqj7RwJmEkmGGQzVUQITPoeL3Lgd+5Q6UZoG8Mf0QGoJ0JGszSoyVmtnzuiCmq0TcY7KT4EP8UwsiE3wwKe+DoXA2EW4jAJk0szk37w6BZ4k3Jjk0RrGZfam3AhoJkIZyonXNc0PTiIkyjHJIMvVIQ0hoj3SgZqkkAnQjHt6Z4D2rtHA7UPZJg4fq74mYCK37wredgy31tDcQ//NqkWmfNmImw8iApKOP2hHHJsCD0HCLKaCG9y0hVDG7K6Zdogg1NtqMDcGbPnmWlI/ynuXXx7nCxTiONNpBu2gfeegEFdAVKqISougBPaFX9OY8Os/Ou/Mxak0545lt9AfO1zegPacF</latexit><latexit sha1_base64="Sv4anypCwP7o4wwHngyXzKvK3nI=">AAACJ3icbVDLSgMxFM3UV62vqks3wSIIYpkRQTdK0Y3LCvYBbSmZ9LYNTTJjklHKMH/jxl9xI6iILv0T04dFWw8Ezj3nXnLv8UPOtHHdTyc1N7+wuJRezqysrq1vZDe3yjqIFIUSDXigqj7RwJmEkmGGQzVUQITPoeL3Lgd+5Q6UZoG8Mf0QGoJ0JGszSoyVmtnzuiCmq0TcY7KT4EP8UwsiE3wwKe+DoXA2EW4jAJk0szk37w6BZ4k3Jjk0RrGZfam3AhoJkIZyonXNc0PTiIkyjHJIMvVIQ0hoj3SgZqkkAnQjHt6Z4D2rtHA7UPZJg4fq74mYCK37wredgy31tDcQ//NqkWmfNmImw8iApKOP2hHHJsCD0HCLKaCG9y0hVDG7K6Zdogg1NtqMDcGbPnmWlI/ynuXXx7nCxTiONNpBu2gfeegEFdAVKqISougBPaFX9OY8Os/Ou/Mxak0545lt9AfO1zegPacF</latexit><latexit sha1_base64="Sv4anypCwP7o4wwHngyXzKvK3nI=">AAACJ3icbVDLSgMxFM3UV62vqks3wSIIYpkRQTdK0Y3LCvYBbSmZ9LYNTTJjklHKMH/jxl9xI6iILv0T04dFWw8Ezj3nXnLv8UPOtHHdTyc1N7+wuJRezqysrq1vZDe3yjqIFIUSDXigqj7RwJmEkmGGQzVUQITPoeL3Lgd+5Q6UZoG8Mf0QGoJ0JGszSoyVmtnzuiCmq0TcY7KT4EP8UwsiE3wwKe+DoXA2EW4jAJk0szk37w6BZ4k3Jjk0RrGZfam3AhoJkIZyonXNc0PTiIkyjHJIMvVIQ0hoj3SgZqkkAnQjHt6Z4D2rtHA7UPZJg4fq74mYCK37wredgy31tDcQ//NqkWmfNmImw8iApKOP2hHHJsCD0HCLKaCG9y0hVDG7K6Zdogg1NtqMDcGbPnmWlI/ynuXXx7nCxTiONNpBu2gfeegEFdAVKqISougBPaFX9OY8Os/Ou/Mxak0545lt9AfO1zegPacF</latexit>

symmetry + black hole = Killing
<latexit sha1_base64="MnLF7ue/WV3jDmWSiDlE51ah11E="></latexit><latexit sha1_base64="MnLF7ue/WV3jDmWSiDlE51ah11E="></latexit><latexit sha1_base64="MnLF7ue/WV3jDmWSiDlE51ah11E="></latexit><latexit sha1_base64="MnLF7ue/WV3jDmWSiDlE51ah11E="></latexit>

symmetry + algebra = group
<latexit sha1_base64="PTuiuafhv5pVGvXYduOywHdwp2k="></latexit><latexit sha1_base64="PTuiuafhv5pVGvXYduOywHdwp2k="></latexit><latexit sha1_base64="PTuiuafhv5pVGvXYduOywHdwp2k="></latexit><latexit sha1_base64="PTuiuafhv5pVGvXYduOywHdwp2k="></latexit>

black hole + QCD = plasma
<latexit sha1_base64="WLqiSdiMMge6pk92qGm5hLaaeTY="></latexit><latexit sha1_base64="WLqiSdiMMge6pk92qGm5hLaaeTY="></latexit><latexit sha1_base64="WLqiSdiMMge6pk92qGm5hLaaeTY="></latexit><latexit sha1_base64="WLqiSdiMMge6pk92qGm5hLaaeTY="></latexit>

spacetime + inflation = cosmological constant
<latexit sha1_base64="jzYQZB6zvgMHOlU0xTwK4R52Rfw="></latexit><latexit sha1_base64="jzYQZB6zvgMHOlU0xTwK4R52Rfw="></latexit><latexit sha1_base64="jzYQZB6zvgMHOlU0xTwK4R52Rfw="></latexit><latexit sha1_base64="jzYQZB6zvgMHOlU0xTwK4R52Rfw="></latexit>

string theory + Calabi�Yau = M�theory +G2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• Mapping words to vectors contextually, we discover syntactic identities

He, VJ, Nelson (2018)
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